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ABSTRACT
The a n a ly s is  and d e s ig n  o f  skew s t ru c tu r e s ,  i s  o f  c o n s id e ra b le  
im portance  and p r a c t ic a l  in t e r e s t .  G re a te r speeds oh h ighw ays, 
w ith  t h e i r  more e x a c t in g  s a fe ty  requ irem en ts , demand b e t t e r  
a lignm ent* I n  o rd e r to  a ch ie ve  t h i s  skew b r id g e s  a re  f r e q u e n t ly  
b u i l t .  I n  b r id g e s  the  s la b s  a re  o f te n  streng thened  w ith  edge 
beams, w h ich  make the  b ehav iou r o f such s t ru c tu re s  more com p lica ted , 
t n  t h i s  t h e s is ,  th e  s t r u c t u r a l b ehav iou r o f  skew s la b s ,  w h ich  are  
s im p le r  components o f  ..such s t ru c tu re s ,  has been p re sen ted .
The methods o f s o lv in g  skew s la b  problem s have been 
c r i t i c a l l y  rev iew ed . The behav iou r o f skew s la b s  in  bending has 
been examined, u s in g  the  f i n i t e  d if fe re n c e  te ch n iq u e , w ith  a skew 
c o -o rd in a te  system  where the  axes a re  p a r a l le l  to  the  s id e s  o f  
the  s la b .  The f i n i t e  d if fe r e n c e  ope ra to rs  have been a p p lie d  
in  such a way th a t  any r a t io  o f  s id e s  and ang le s  o f skew may 
be t re a te d .  The e f f e c t  o f  v a ry in g  the  mesh s iz e  on the  d e f le c t io n s  
and moments has been in v e s t ig a te d .  The e f f e c t  o f  ang le  o f  skewi
on the  behav iou r o f  th e  s la b s  i s  c le a r ly  shown. The c o l le g e  
computer f a c i l i t i e s  have been used to  f u l l y  programme the  f i n i t e  
d if fe r e n c e  com putations to  o b ta in  d e f le c t io n s  and moments.
Three types o f  boundary c o n d it io n s  have been t re a te d .  I n  
each case , the  two o p p o s ite  skew s id e s  have been assummed 
s im p ly  supported  and the  rem a in ing  two sides are  e it h e r  s im p ly
2
3suppo rted , f r e e  o r  suppo rted  on e la s t i c  1)081118* The a n a ly s is  has 
been co n fin ed  to  u n ifo rm  norm al loading#  The d e f le c t io n s  ob ta in ed  
from  d ia l  gauges have been compared w ith  the v a lu e s  g iv e n  by the  
f i n i t e  d if fe r e n c e  method. The moire* te chn ique  has been u t i l i s e d  
to  o b ta in  the moments. Three types o f skew s la b  have been 
tes ted*  The e xpe r im en ta l and t h e o r e t ic a l moments have been 
compared and the  scope and l im i t a t io n  o f the  two methods has been 
d is cu s se d .
G enera l c o n c lu s io n s  have been drawn and suggestion s  have 
been made f o r  fu tu re  re se a rch .
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N o ta t io n s -  The lo n g it u d in a l d ir e c t io n  i s  ta ken  p a r a l le l  to  the  
x - a x is .  The skew d ir e c t io n  i s  p a r a l le l  to  the  su pp o rts . The 
terms s la b  and p la t e  have been used as synonymous. G enera l 
n o ta t io n s  are  g iv e n  be low . Any o th e r n o ta t io n  appea ring  in  the  
t e x t  i s  e xp la in e d  as i t  o c cu rs .
c = Span o f  the  s la b ,  ce n tre  to  ce n tre  o f  suppo rts
E l = P rodu c t o f modulus o f  e l a s t i c i t y  o f  the  m a te r ia l
i n  the  s la b  and moment o f  in e r t ia  p e r u n i t  o f  w id th  
o f  the  c ro s s - s e c t io n  o f  the  s la b  
v  » P o is s o n 's  r a t io  f o r  the m a te r ia l i n  the  s la b  
D  « Eh^*  ~ A measure o f  s t i f f n e s s  o f  s la b  element1 2 ( l~ v 2 ; ,
®b b^ = P roduct o f  the  modulus o f  e l a s t i c i t y  o f  the  beam
m a te r ia l and the  moment o f  in e r t ia  o f  the  beam 
C ro s s -s e c t io n
 ^ ** ^k^b a  d im en s io n le ss  c o e f f ic ie n t  w h ich  i s  a
c D ’
measure o f the  s t i f f n e s s  
p « Load pe r u n i t  o f  a rea  u n ifo rm ly  d is t r ib u t e d  over the 
s la b
q « Load p e r u n it  o f  le n g th  u n ifo rm ly  d is t r ib u t e d  
a long  the  beam 
P » Concentra ted  lo a d
w = D e f le c t io n  o f  the  s la b ,  p o s i t iv e  downward, w ith
s u b s c r ip t  in d ic a t in g  the  d e f le c t io n  a t  a p a r t ic u la r
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p o in t  denoted by s u b s c r ip t  
x , y  » R e c ta n g u la r c o -o rd in a te s
u ,v  = Skew c o -o rd in a te s ,  f ig u r e  3*5
) s x f \ y ,  A u ^ X v  « D is tan ce s  between p o in ts  o r  l in e s  o f the
netw ork as d e f in e d  in  f ig u r e  3.2 
= Ang le  o f skew, in  f ig u r e  3*2
K =
X X
A = ^ C o s  2 
0 = ( l - v ) K 2
N « (A+C)B
J  =■ = k 4h  o A d im en s iona l number p ro p o r t io n a l
X y  D X y  ’
to  the  r e la t iv e  s t i f f n e s s  H
MjjMy _ Bend ing  moment p e r u n it  w id th  o f  s la b  in  the
d ir e c t io n  o f  th e  x  o r  y  axes r e s p e c t iv e ly ,  p o s i t iv e
when p rodu c in g  te n s io n  a t the bottom  o f  the  s la b
Mxy = T w is t in g  moment p e r u n it  w id th  o f the  s la b  in  the
d ir e c t io n s  o f  x  and y , p o s i t iv e  when tend in g  to
produce te n s io n  a t  the  bottom  o f the  s la b  in  the
d ir e c t io n  o f the  l i n e  x - y
M,
o = Bend ing  moment in  the  beam, p o s it iv e  when p roduo ing
te n s io n  a t  the bottom  
Qx»Qy = • V e r t i c a l  shear p e r u n it  o f  le n g th , a c t in g  on s e c t io n s
norm al to  the  x  and y  axes r e s p e c t iv e ly ,  p o s it iv e  on a
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re c ta n g u la r  element o f  a s la b  when a c t in g  upward on the  
s id e  o f  th e  elem ent h av in g  the  sm a lle r  v a lu e s  o f 
x  o r y  r e s p e c t iv e ly
R ea c t io n s  p e r u n it  o f le n g th  o f  s la b ,  d e f in e d  in  the
same manner as and Qy 
\ 2 .2
O + 0  L a p la c e 's  o p e ra to r
& x 2 "by2 ’
2'W
T o ta l P o t e n t ia l  Energy
CHAPTER 1
INTRODUCTION
1 .1  Problem  o f  Skew in  S tru c tu re s
The h ig h  speed motorways and the  c o m p le x ity  o f  urban road
system s, w ith  more e x a c t in g  s a fe ty  requ irem en ts , r e q u ir e  the  c o n s t ru c t io n  
o f  many skew b r id g e s .  The prob lem  o f  skew in  a i r c r a f t  s t r u c t u r e s ' is  
a ls o  o f c o n s id e ra b le  im portance . The s im p l i f ie d  v e r s io n  o f  swept w ings 
o f  a i r c r a f t  may be regarded  as skew p la te s .  Ano ther example o f  skew in  
s t ru c tu re s ,  sometimes found, i s  in  the  c o n s t ru c t io n  o f  a rch e s . The 
behav iou r o f the se  s t ru c tu re s  i s  a f fe c te d  by the  ang le  o f  skew. I t  is^  
th u s , n ecessa ry  and im p e ra t iv e  to> understand the  behav iou r o f  such 
s t ru c tu re s ,  so th a t  methods may be d ev ised  f o r  t h e i r  e f f i c ie n t  and sa fe  
c o n s t ru c t io n .  Skew s la b s  form  an im po rtan t p a r t  o f  some o f  these  
s t r u c t u r a l system s. The need, then , to  s tudy  the skew s la b  is .  ob v io u s .
I n  f a c t ,  r e c e n t ly ,  some a t t e n t io n  has been devoted to  t h i s  im po rtan t 
problem  by v a r io u s  in v e s t ig a t o r s .
1 .2  Scope o f  P re sen t I n v e s t ig a t io n
The p re sen t in v e s t ig a t io n  was d ire c te d  to  the  study  o f  skew 
s la b s  w ith  s im p le  boundary c o n d it io n s .  The f i n i t e  d if fe re n c e  te chn ique  
was used f o r  the  s o lu t io n  o f  the  p la t e  equa tio n . Skew c o -o rd in a te  
system , where the  axes a re  p a r a l le l  to  the  s id e s  o f  the  s la b ,  was 
adopted. T h is  was b e s t s u ite d  to  skew con tou rs . The f i n i t e  d if f e r e n c e  
method was programmed u s in g  th e  S i r iu s  Autocode. Thus, the  d e f le c t io n s  
and the moments co u ld  be ob ta in ed  d i r e c t ly  by fe e d in g  in  the lo a d  v e c to rs  
and con s tan ts  wh ich depend upon the r a t io  o f  s id e s  and ang le  o f  skew, to
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The m o ire 'te o h n iq u e  has s u c c e s s fu l ly  been used f o r  the in v e s t ­
ig a t io n  o f  bend ing i n  f l a t  s la b s .  The method i s  cheap and easy to  a p p ly  
and o f f e r s  a number o f  advantages ove r o th e r methods. I n  v iew  o f  t h i s ,  i t  
was thought d e s ir a b le  to  u t i l i s e  the  m o ire 'te ch n iq u e  f o r  the  s tudy  o f  the  
bend ing  o f the skew s la b s .
The p re sen t re se a rch  was con fin ed  to  th ree  types o f  skew s la b .
(1) Skew s la b s  s im p ly  supported  on a l l  s id e s .
(2) Skew s la b s  s im p ly  supported  on two oppo s ite  skew s id e s  and the o th e r
two s id e s  f r e e ,
( 3 ) Skew s la b s  s im p ly  supported  on two op p o s ite  skew s id e s  and the  o th e r
two s id e s  suppo rted  on e la s t i c  beams.
The s la b s  o f  case ( l )  were chosen because o f the s im p l i c i t y  o f
expe rim en ta l and t h e o r e t ic a l in v e s t ig a t io n ,  a lthough  th e y  d id  no t o f f e r  
any immediate p r a c t ic a l  a p p l ic a t io n .  The s la b s  o f  case (2 ) and ( 3) are- 
im po rtan t as th ey  are  f r e q u e n t ly  met in  the  skew b r id g e s .  A lto g e th e r  ten  
skew s la b s  were ana lysed  and te s te d  w ith  a u n ifo rm ly  d is t r ib u t e d  lo a d . 
Fou r skew s la b s  f o r  case ( l )  were ana lysed  and te s te d  w ith  the  skew ang le  
v a ry in g  from  ze ro  to  45°• S im i la r ly ,  fo u r  skew s la b s  f o r  case (2) were 
ana lysed  and te s te d  w ith  skew ang le  v a ry in g  from  ze ro  to  45°* F o r  th§ 
case (3) two skew s la b s ,  one w ith  ze ro  skew ang le  and the o th e r  w ith  45° 
skew an g le , were in v e s t ig a te d .
13
th e  com puter.
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CHAPTER 11 
REVIEW OF PREVIOUS WORK
The behav iou r o f  a s la b  in  bend ing  depends,to  a la rg e  e x te n t,  
on i t s  th ic k n e s s  as compared to  i t s  o th e r d im ens ions. When the 
d e f le c t io n  o f  the s la b  i s  sm a ll as compared to  i t s  th ic k n e s s ,  
s a t is f a c t o r y  r e s u lt s  a re  ob ta in ed  u s in g  the sm a ll d e f le c t io n  th eo ry . 
F o llo w in g  assum ptions are. made f o r  t h is  th e o ry  / ] •
(1 ) There i s  no d e fo rm a tio n  in  the m idd le  p lane  o f  the s la b .  T h is  
p lane  rem ains n e u t r a l d u r in g  bend ing ,
(2 ) P o in ts  o f  the  s la b  ly in g  i n i t i a l l y  on a norm al to  the m idd le  
p lan e  o f  the s la b  rem ain  on the norm al to  the m idd le  su rfa ce  o f  the  
s la b  a f t e r  bend ing .
(3) The norm al s t re s s e s  in  the  d ir e c t io n  t ra n sv e rs e  to  the  s la b  can 
be d is re g a rd e d .
The m idd le  p lane  o f  the  s la b  elem ent i s  shown in  f ig u r e  ( 2 ,1 ) ,  
where the d ir e c t io n s  o f  p o s i t iv e  moments and shears are  in d ic a te d .  
U s in g  the assum ptions, g iv e n  above, fundam enta l d i f f e r e n t ia l  e qu a tio n  
f o r  the bend ing  o f  s la b  and the  boundary c o n d it io n s  can be d e r iv e d  |[l} 
The d i f f e r e n t ia l  e qu a tio n  f o r  f le x u r e  o f  s la b  i s
D V 2 ( V 2 W  ) ■=■ f  ( x ,y )  (2 .1 )
2 .1  In t ro d u c t io n
15
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' ax
' V ^ c kbx
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F IG . . 2-1
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The s o lu t io n  o f  e qu a tio n  ( 2 . l )  whiqh s a t i s f ie s  the boundary 
c o n d it io n s  f o r  the s la b ,  would g iv e  the re q u ire d  r e s u l t .  The 
methods o f  s o lv in g  equ a tio n  (2 .1 )  w i l l  be d e s c r ib e d  b r i e f l y  b e fo re  
c o n f in in g  the a t t e n t io n  to  skew s la b s  o n ly .
2 .2  S o lu t io n  o f  S lab  E q ua tion
The s o lu t io n  o f  e qu a tio n  (2 .1 )  may be ob ta ined  in  the fo l lo w in g  
two ways,
( i )  A n a ly t ic a l  Methods
( i i )  N um erica l Methods
2 .3  A n a ly t ic a l  Methods
The s o lu t io n  o f  e q u a tio n  (2 .1 )  may be assumed as sum o f  two 
s o lu t io n s ,
The com plete s o lu t io n  = P« I;j + C .F . (2 ,2 )
2 2C .F . i s  the  s o lu t io n  o f  homogeneous equa tio n  D V  ( V  w  ) * 0. 
C .F , in t ro d u ce s  the edge c o n d it io n s  and i s  independent o f  the  lo a d s ,
P . I .  in t ro d u ce s  the lo a d in g . The s o lu t io n  o f  equa tio n  (2 .1 )
(a ) S a t is f ie s  the gove rn ing  d i f f e r e n t ia l  equa tion .
(b ) S a t i s f ie s  the boundary c o n d it io n s . ’’
( c )  M in im ise s  the t o t a l  p o t e n t ia l energy , I .
The requ irem en ts (a ) and (b) may be used to  f in d  the exac t s o lu t io n
o f  the  s la b  p rob lem s. The d e f le c t io n  w  i s  expressed  as an i n f i n i t e  
t r ig o n o m e tr ic  s e r ie s  s a t i s f y in g  the  d i f f e r e n t ia l  e qu a tio n  (2 ,1 )  and 
i s  a rea sonab le  re p re s e n ta t iv e  o f  the d e f le c te d  shape o f  the slab*
17
The c o e f f ic ie n t s  o f  the  i n f i n i t e  s e r ie s  a re  then  ad ju s ted  so th a t  
boundary c o n d it io n s  a re  s a t i s f ie d .  Examples o f  t h i s  type o f  s o lu t io n  
f o r  the s la b  are  N a v ie r ’ s and L e v y Ts s o lu t io n .
The requ irem en ts (b ) and (c )  may a ls o  be used to  o b ta in  the 
s o lu t io n  o f  equ a tio n  ( 2 , 1 ) .  The d e f le c t io n w i s  ta ken  as an 
i n f i n i t e  t r ig o n o m e tr ic  s e r ie s  o r  o th e r  s u it a b le  fu n c t io n s  which 
s a t i s f y  the boundary c o n d it io n s .  The p o t e n t ia l energy  o f  the system  
i s  then  m in im ised , so th a t  the system  i s  in  s ta b le  e q u il ib r iu m . Thus, 
the  d i f f e r e n t ia l  e qu a tio n  i s  s a t i s f ie d  by m in im is in g  the t o t a l  p o t e n t ia l 
energy.
2 ,3*1 Approxim ate Methods u s in g  P o te n t ia l Energy
I t  i s  no t a lw ays p o s s ib le  to  choose w t o  g iv e  the exac t s o lu t io n .  
In s tead  the  requ irem en ts (b ) and (c )  may be used to  a ch ie ve  an 
approx im ate s o lu t io n  by m in im is in g  the t o t a l  p o t e n t ia l  energy.
One method o f  s o lu t io n ,  u t i l i s i n g  t h is  approach, * i s  the  R a y le ig h -  
R i t z  method. In  t h is  method w  i s  rep re sen ted  by a f i n i t e  number o f  
fu n c t io n s  in  x  and y .
i  = 1 , 2 - - - v \ «
The fu n c t io n s  f i  ( x ty )  a re  chosen in  such a way th a t ,  in d iv id u a lly ^  
th e y , s a t i s f y  the  boundary c o n d it io n s .  M oreover, i t  shou ld  be a 
conven ien t re p re s e n ta t io n  o f  the d e f le c te d  su r fa c e , Vs/ • Vs/ i s
(2 .3 )
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* 1  -  o (2 .4 )
i  = 1 ,2  - - - Y\.,
E q u a tio n  (2 ,4 )  g iv e s  enough equa tion s f o r  the d e te rm in a t io n  
o f  c o n s ta n ts , Ck. The accu ra cy  o f  the  method depends upon,
( i )  How many fu n c t io n s  are  in c lu d e d  f o r  v v .
( i i )  How w e ll  chosen the fu n c t io n s  a re .
I f  the R i t z ' s  method i s  used to  f in d  the  d e f le c t io n  w  and the
moments a re  then  ob ta in ed  by double d i f f e r e n t ia t io n ,  the  convergence
i s  n o t guaranteed . T h e re fo re , the  moment v a lu e s  may be in  a p p re c ia b le
e r r o r  as compared to  the d e f le c t io n s .
A s l i g h t  m o d if ic a t io n  o f the  R i t z ' s  method i s ,  when A  ( x ty )
a re  chosen such th a t  a l l  the  fu n c t io n s  do no t s a t i s f y  the boundary
c o n d it io n s .  When the energy in t e g r a l ,  I ,  i s  m in im ised  by making
jfrl « o, i t  g iv e s  a s e r ie s  o f w  which does no t s a t i s f y  a l l  the  
■&C.
boundary c o n d it io n s .  Then i t .  i s  arranged  so th a t  assumed fu n c t io n s
c o l l e c t i v e ly  s a t i s f y  the boundary c o n d it io n s ,
2,3*2 Methods Based on E r r o r  F u n c t io n  
I f  the d i f f e r e n t ia l  e q u a tio n  i s
t - 2 i"n ( w .  X ,y ) = j + x . y )  ( 2 . 5 )
and boundary c o n d it io n s  B i  ( w ,  x ,y )  = g i ( x Ty ) ,  i  « 1 , 2 --------W\ #
s u b s t i t u t e d  in  the e n e rg y  i n t e g r a l ,  X and
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Boundary c o n d it io n s  a re  l in e a r  fu n c t io n s  o f  w  and i t s  d e r iv a t iv e s .
A fu n c t io n  ( "w  , x , y , C | -  * - Cj) i s  chosen such th a t
boundary c o n d it io n s  a re  s a t i s f ie d  w ith  j  l i n e a r l y  independent 
param eters C j *
i - f
Y  = <£ | 4 > j (2 .6 )  '
These param eters C j 's a r e  chosen to  s a t i s f y  the  d i f f e r e n t ia l  
e q u a tio n  ap p ro x im a te ly . S u b s t it u t in g  the g iven  fu n c t io n  in  the 
d i f f e r e n t ia l  e qua tio n  (2 .5 )  g iv e s  an e r r o r  £
= £  Y . 7 )
I t  i s  p o s s ib le  to  f in d  param eters C j by c o n s id e r in g  the e r r o r  £
( i )  Method o f  C o llo c a t io n  * - The e r r o r  £  i s  c o llo c a te d  o r a ss ig ned  
a t  ^  p o in ts  i n  the re g io n  to  p ro v id e  *f- s im u ltaneous equa tio n s  f o r  the  
d e te rm in a t io n  o f  param eters C j.
( i i )  Method o f  Le a s t Squares * -  The in t e g r a l o f  the square o f  the
e r r o r  £  i s  m in im ised  w ith  re sp e c t  to  the undeterm ined param eters
to  g iv e  V* s im u ltaneous e q u a tio n s . 
r . JX
D
U + ) -  j  - 2  L Q + ) - = o;  ( 2 . 8 )
0 K = L 2 - - - + :( i- i i)  G a le r k in  Method
The G a le r k in  method le a d s  to  r  equa tion s g iv e n  by
j u c a - j - j v 15 ■- °  (2.?)
K  -  1 , 2 --------1 .0
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( i v )  K a n to ro v ich  Method
if T '  ~  % ■(*•) (2 .1 0 )
In  t h i s  # j(y )  s a t i s f i e s  y  -  d ir e c t io n  boundary c o n d it io n s  o n ly
and i s  a fu n c t io n  o f  y  o n ly .  When t h i s  i s  s u b s t i t u t e d . i n  the  
equa tio n , a d i f f e r e n t ia l  e qu a tio n  w ith  con stan t c o e f f ic ie n t s  i s  
ob ta in ed  f o r  the d e te rm in a t io n  o f x .
- °  (2.11)
2 .4  N um erica l Methods
In s tead  o f  o b ta in in g  a c lo s e d  s o lu t io n  in  the  form  o f  a n a ly t ic a l  
e x p re s s io n s , i t  i s  sometimes easy  and oonven ien t to  o b ta in  the 
n u m e rica l s o lu t io n  to  the  d i f f e r e n t ia l  equ a tio n . These methods 
g e n e ra l ly  le a d  to  l in e a r  s im u ltaneous a lg e b ra ic  e q u a tio n s , the 
s o lu t io n  o f  w h ich , p r e v io u s ly  l im it e d  the scope o f these  methods.
W ith  the advent o f  d i g i t a l  com puters, the s o lu t io n  o f  these  a lg e b ra ic  
e qua tio n s  has become much e a s ie r .  There i s  a g reat, in t e r e s t  among 
m athem atic ians and eng in ee rs  to  u t i l i s e  n um e rica l methods in  the 
s o lu t io n  o f  a v a r ie t y  o f  p rob lem s. The fo l lo w in g  methods have been 
used f o r  a  number o f s la b  prob lem s.
( i )  F in i t e  D if fe re n c e  Method .
( i i )  F in i t e  E lem ent Method
( i i i )  Dynamic R e la x a t io n
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F in i t e  d if fe r e n c e  method w i l l  be d e s c r ib e d  in  more d e t a i l  
in  the t h i r d  ch a p te r . F in i t e  elem ent method w i l l  be examined 
b r i e f l y  i ‘n con ne c tio n  w ith  skew s la b s  la t e r  on in  t h i s  ch a p te r.
O tte r  i n  has d e s c r ib e d  the  method w hich he c a l l s  Dynamic 
R e la x a t io n ,  I t  i s  a n um e rica l te chn iqu e . The method o r ig in a te d  
in  con ne c tio n  w ith  t i d a l  com putations in  e s tu a r ie s  and r iv e r s .
L a te r  on i t  was used in  the  com putations o f  v a r io u s  two and th re e  
d im en s io n a l e la s t i c  p rob lem s. I f  the  damping term  i s  in c lu d e d  in  
the  two d im en s io n a l case  f o r  tim e dependent equa tio n s  and the method 
cou ld  be made dead b e a t, then  the  s o lu t io n  to  e la s t i c  problem s cou ld  
be ach ie ved . The method i s  s im p le  to  programme. The cho ice  o f  
damping f a c t o r  i s  im p o rtan t. I t  has been used f o r  r e a c to r  p re ssu re  
v e s s e ls  and a rch  dams. A s o lu t io n  to  the b ih a rm on ic  e qu a tio n  in  
con ne c tio n  w ith  a skew s la b ,  has a ls o  been ob ta in ed .
2 .5  S in g u la r i t y  in  Skew S lab s .
When the ang le  between two ad ja cen t s id e s  o f  a skew s la b  i s  
g re a te r  than 90° , s in g u la r  b ehav io u r o c cu rs , depending upon the two 
boundary c o n d it io n s  [,3]* W illia m s  [ 4 ]  in v e s t ig a te d  the lo c a l  
b ehav iou r o f a s e c t o r ia l  s la b  u s in g  p o la r  c o o rd in a te s .  In  F ig u re  (2 ,2 )  
i s  shown the s la b  elem ent in  p o la r  c o o rd in a te s . The d i f f e r e n t ia l  
e qu a tio n  i s  p o la r  c o o rd in a te s  i s  g iven  by
y2 V 2w “ IL  (2.12)
D •
F IG . 2-2
p / u n i t run
thic kn css
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where tr ?  = L a p la c e 's  O pera to r = J  . 1 ±  .
v  ^  f w V b 9 i
The e xp re ss io n s  f o r  moments, shears and boundary c o n d it io n s
can be ob ta in ed  e a s i ly ,  M . C O -  F o r the case when the lo a d in g
2 2i s  ze ro  and D y  W  ~ °> Vs/ i s  assumed as
w = ^ + 1 F ( e ? p )  (2 .1 5 )
T h is  s o lu t io n  in c lu d e s  the con s tan ts  |3 , S^, S^, and 
When r a d ia l  edges a t  0 = o and 9 =e?C are  s im p ly  supported , fo u r  
equa tio n s  a re  ob ta in ed  f o r  the  con s tan ts  _____ S^. F o r  a non­
t r iv ia l.  s o lu t io n  o f th e se . e q u a t io n s , the  de te rm inan t must v a n ish .
T h is  g iv e s  a tra n sce n d e n ta l equ a tio n  f o r  the e v a lu a t io n  o f  |3 and 
cLi • F o r  two ad ja ce n t s im p ly  supported  edges the sm a lle s t  v a lu e  
o f  jB  i s
p  J K  - l  (2 .1 4 )
The v a lu e s  o f  Mr and MO a re
= - D r p  [ ( P 4“,) O r+ p ) F ( © < p ) + v F ( e , p ) ]
p H  r /r. « (2*15)
Me - - D r
I t  can be seen fro m 'e q u a t io n s  (2 .1 5 ) th a t  the  s t r e s s  may in c re a se  
as decreases when K l  • From equa tio n  (2 .1 4 ) i t  i s  c le a r  
th a t  P C  when c C  i s  g re a te r  than 90°. On the o th e r hand, i t  i s  
known from  e it h e r  m athem atica l o r  p h y s ic a l c o n s id e ra t io n s ,  th a t  the -
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by  W illia m s  M  th a t  the  s t re n g th  o f  s in g u la r i t y  in c re a s e s ,  w ith
/ 0
open ing  ang le  to  a maximum a t  180 . I t  i s  a ls o  shown, f o r
the case o f  two ad ja cen t edges s im p ly  supported  th a t  the s in g u la r i t y
in  the bend ing  moments a t  the o r ig in  i s  re ta in e d  even when h ig h e r
o rd e r  th e o ry  i s  u sed . M oreover, the  e f f e c t  o f  u s in g  h ig h e r  o rd e r
th e o ry  shows th a t  the  damping f a c t o r  ob ta in ed  d ie s  ou t v e ry  r a p id ly
as the d is ta n ce  from  o r ig in  in c re a s e s ,  thus g iv in g  the same v a lu e s  as
g iv e n  by e lem en ta ry  t h in  s la b  th e o ry . I t  may, thus be remarked th a t
the  s o lu t io n  ob ta in ed  by u s in g  the  e lem en tary  th e o ry  in  the- in t e r io r
re g io n  o f  the s la b  i s  r e l i a b le .  The e f f e c t  o f  s in g u la r i t y  i s . l o c a l i s e d
in  n a tu re . O ther boundary c o n d it io n s  a re  con s id e red  in  re fe re n ce  j j Q
where an approx im ate fo rm u la  i s  suggested f o r  e s t im a t in g  the s t re s s e s
n ea r the o r ig in  when two ad ja ce n t edges a re  s im p ly  supported .
U s in g  a s im i la r  te ch n iq u e , in  p o la r  c o o rd in a te s , M o r le y  has
ob ta in ed  the  s o lu t io n  f o r  a rhom bic p la te  s im p ly  supported  on a l l
s id e s  and u n ifo rm ly  lo aded . He takes the o r ig in  a t  the  obtuse co rn e rs .
In  a d d it io n  to  the boundary c o n d it io n s  a t  the s im p ly  supported  edges,
two a d d it io n a l c o n d it io n s  a lo n g  the  lo n g e r  d ia g o n a l,  o f  ze ro  s lope
and ze ro  shear fo r c e ,  a re  s p e c if ie d .  These two a d d it io n a l c o n d it io n s
are  used to  o b ta in  the c o n s ta n ts  ap p ro x im a te ly  w h ich govern  the
s in g u la r  b ehav io u r. A com parison o f  the d e f le c t io n s  ob ta in ed  bv y  t h is
method and by  f i n i t e  d if fe r e n c e  method in d ic a te ,  t h a t ,  f o r  sm a lle r
v a lu e s  o f  skew ang le  w g iv e n  by two methods a re  i n  agreement.max.
d e f l e c t i o n  and s lo p e  must be  f i n i t e  a t  the o r i g in .  I t  i s  shown
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On the o th e r hand when the skew ang le  i s  la r g e ,  w ob ta in ed  bymax*
f i n i t e  d if fe r e n c e  techn ique  converges v e ry  s lo w ly .  The v a lu e s  
ob ta in ed  f o r  moments u s in g  f i n i t e  d if fe re n c e  method, even when the 
skew ang le  i s  la r g e ,  a re  s a t is f a c t o r y .
2 .6  S e r ie s  S o lu t io n  f o r  Skew S lab s
La rd y  [ ? 3  o u t l in e d  a s e r ie s  s o lu t io n  f o r  skew s la b s  w ith  a l l  
edges s im p ly  suppo rted . However, he gave no n um e rica l r e s u l t s .  The 
techn ique  was used by  M ir s k y  [ 3 ]  to  so lv e  a p a ra lle lo g ra m  s la b  w ith  
a l l  edges f ix e d .  The method re q u ire s  c o n s id e ra b le  work. Q u in lan  
has g iv e n  a method f o r  o b ta in in g  s o lu t io n s  to  skew s la b  problem s f o r  
any a r b i t r a r y  lo a d in g  and d i f f e r e n t  boundary c o n d it io n s .  The method 
b eg in s  by e xp re s s in g  f i r s t  s la b  e qu a tio n  and the  boundary c o n d it io n s  
in  skew c o o rd in a te s .
The P a r t ic u la r  I n te g r a l i s  then  d e r iv e d  in  the fo rm  o f  doub le 
F o u r ie r  s e r ie s  f o r  a  con cen tra ted  lo a d  case . T h is  i s ,  then  summed up 
i n  s in g le  F o u r ie r  s e r ie s  i n  term s o f  what a re  c a l le d  Hoot F u n o tio n s , 
The method i s  then  p resen ted  so tha t lo a d in g  cases l i k e  l i n e  lo a d  and 
u n ifo rm  lo a d  may be d e r iv e d  from  i t .  The C .F , i s  made to  s a t i s f y  the  
homogeneous e q u a tio n  d e r iv e d  from  the skew co o rd in a te  system . F in a l l y  
the  n e ce ssa ry  boundary c o n d it io n s  a re  expressed  in  term s o f  what are  
c a l le d  Boundary F u n c t io n s . No n um e rica l r e s u lt s  a re  p resen ted  by the 
above au tho r.
U s in g  a s im i la r  techn ique  Kennedy L l  has o u t l in e d  a s o lu t io n  o f  
skewed s t if f e n e d  s la b s  under u n ifo rm  lo a d in g . The s la b  equa tio n
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i s  c a s t  in t o  d im en s io n le ss  skew c o o rd in a te  system . The d e f le c t io n  
i s  expressed  in  s in g le  F o u r ie r  s e r ie s  f o r  o b ta in in g  the C .F , The 
boundary c o n d it io n s  o f
( i )  S im p le  support
( i i )  E la s t i c  support
( i i i )  F ree  suppo rt
a re  expressed  in  skew c o o rd in a te s . An im po rtan t p o in t  i n  t h i s
a n a ly s is  i s  th a t  param eters have been ob ta in ed  so th a t  e la s t i c  beam
suppo rt a long  two o p p o s ite  edges w ith  t o r s io n a l r e s t r a in t  may be
accounted  f o r .  The in v e s t ig a t io n  was c a r r ie d  out f o r  the r a t io  o f
o os id e s  from  0 ,7  to  2 and skew ang le  v a ry in g  from  15 to  75 * The 
convergence o f  s o lu t io n  d e te r io r a te s  w ith  in c r e a s in g  a rg le  o f  Bkew 
when app roach ing  the  b ounda r ie s . The convergence was b e t t e r  n ea r the 
s t i f f e n in g  edge beams than  a lo n g  the skew sim p le su p p o rts . The 
d if fe re n c e  in  moments and shears in  the in t e r io r  re g io n  o f  s la b
f o r  ang le s  up to  60° , c o n s id e r in g  9 &ud 10 h a rm o n ic w a s  one p e r  c e n t.
o .
F o r a skew ang le  o f  75 t h i s  d if fe r e n c e  in c re a se d  to  8%. The converg­
ence f o r  shear was n o t so good as the  convergence o f  the s e r ie s  
d e te r io r a te s  w ith  d i f f e r e n t ia t io n .
The two ways o f  s e r ie s  s o lu t io n  g iv e n  above, a re  adm irab le  and 
w orthy o f  c o n s id e ra t io n .  Bu t the  amount o f  work in v o lv e d  i s  tremendous 
and m athem atica l fo rm u la t io n  i s  com p lica ted  indeed . No m ention i s  made 
about the s in g u la r  b eh av io u r th a t  i s  knovnto occu r a t  the obtuse c o m e rs
2*7 S t r a in  Energy S o lu t io n  o f  P a ra lle lo g ra m  S lab
As m entioned p re v io u s ly !  the  d e f le c t io n  W  i s  assumed such 
th a t  i t  s a t i s f i e s  the  boundary c o n d it io n s .  In  o b liq u e  c o o rd in a te s  
shown in  f ig u r e  ( 2 , 3 )»V> /is assumed? f o r  a clamped p a ra lle lo g ra m  
s la b  under un ifo rm  norm al lo a d in g ? a s
w  = C . ( 0 » ^ ; + i ) ( C o s ^ . M )  ( 2 . 1 6 )
The con stan t C i s  ob ta in ed  by m in im is in g  the  t o t a l  p o t e n t ia l
energy. The v a lu e  o f  V^max, f o r  p a ra lle lo g ra m  p la te  w ith  "fc> s  r  Z
/* o K r v '  *and ( 0  ® 60 g iv e s  W m ax  -*00147 P - t which v a r ie s  about 3 p a r cen t
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from th a t  ob ta in ed  by s e r ie s  so lu tion®  The method i s  s im p le  to  use? 
but i t  i s  not a lw ays p o s s ib le  to  p ic k  out W  • Another method f o r  
f ix e d  p a ra lle lo g ra m  s la b  i s  p re sen ted  in  re fe re n ce  i n  Each term  
o f  the s e r ie s  i s  b ih a rm on ic  and s a t i s f i e s  boundary c o n d it io n s  on one 
p a ir  o f  o p p o s ite  s id e s?  the  rem a in ing  boundary c o n d it io n s  a re  s a t i s f ie d  
by s y n th e s is ,  A t h i r d  method o f  s o lu t io n  o f  t h i s  problem  i s  p re sen ted
by M o rley  t a
2*8 K a n to ro v ich  Method
A skew c a n t i le v e r  s la b  w ith  un ifo rm  norm al lo a d in g  was so lved? 
u s in g  t h i s  method? by R e is s n e r  c n -  Here W  i s  assumed to  v a ry  
l i n e a r l y  p a r a l le l  to  OY-j d ir e c t io n ?  f ig u r e  ( 2 ,4 ) .  T o ta l p o t e n t ia l  
energy i s  m in im ised^ using  the  c a lc u lu s  o f v a r ia t io n s ?  wh ich le a d s  to
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o f  skew s la b s  w ith  t h i s  typ e  o f  boundary  c o n d it io n s .
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two o rd in a ry  d i f f e r e n t i a l  e q u a t io n s  i n  ■ The a c c u ra c y  o f  s o lu t io n
i s  in h e r e n t ly  l im i t e d  by l in e a r  v a r ia t io n  o f  d isp la cem en t p a r a l le l  /  
to  OY^  d ir e c t io n ,  F o r a c lo s e r  app rox im a tion  p a ra b o lic  a cu b ic  
v a r ia t io n  o f W  i s  needed, bu t t h i s  s u b s t a n t ia l ly  in c re a se s  the  
amount o f  work. The moments a re  ob ta in ed  by  d i f f e r e n t ia t in g  the 
d isp la cem en ts  W ,  and a re  thus to  low e r a ccu ra cy .
A s im i la r  method was used by C o u ll £8^ to  s o lv e  a u n ifo rm ly  
lo aded  skew s la b  w ith  two o p p o s ite  edges s im p ly  supported  and the 
rem a in ing  two edges f r e e ,  f ig u r e  (2*5)* He assumes s t r e s s - r e s u lt a n t s  
in  the  s la b  in  the form  o f  power s e r ie s  in  the ch o rd w ise - coordinate, 
the c o e f f ic ie n t s  o f  the s e r ie s  a re  fu n c t io n s  o f  the spanw ise p o s it io n  
o n ly . The equa tion s  o f  e q u il ib r iu m  are  s a t i s f ie d  by t h i s  re p re s e n ta t io n .  
The s t r a in  energy s to re d  in  the  p la te  i s  expressed  in  terms o f  chosen 
redundant c o e f f ic ie n t s .  The s t r a in  energy i s  expressed  in  term s o f  
moments and shears and m in im ised  w ith  re sp e c t to  redundant c o e f f ic ie n t s  
by means o f  c a lc u lu s  o f  v a r ia t io n s .  The r e s u lt in g  prob lem  reduces 
to  a s o lu t io n  o f  o rd in a ry  l in e a r  d i f f e r e n t ia l  e q u a tio n . A com]
skew angle ', in d ic a te s  th a t  the  agreement i n  the in t e r io r  re g io n  , i s  
good. The agreement d e te r io r a te s  nea r the  f re e  edges. P a ra b o lic  
chord- w ise  d is t r ib u t io n  o f  the span w ise  moment was assumed.
2 ,9  F in i t e  Element S o lu t io n  to  Skew S lab  Problem s
F in i t e  elem ent method o f  a n a ly s is  can be a p p lie d  to  any e la s t i c  
body. The method was o r ig in a l l y  deve loped f o r  p la n e - s t r e s s  problem s
o f  e xpe rim en ta l and t h e o r e t ic a l  in v e s t ig a t io n s ,  f o r  s im p le  case
N od  a [
■ D is  p la  c.c m e  n t
FIG,2•6
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In  re c e n t  y e a rs , a ttem pts have been made to  use t h is  techn ique  
to  s la b  problem s in  bend ing . The method has even been suggested 
to  th re e -d im e n s io n a l problem s .M e lo sh  f i r s t  u t i l i s e d
t h i s  techn ique  f o r  s o lv in g  the problem s o f  low  a spec t r a t io  
a i r c r a f t  w ings. He d e r iv e d  the  s t i f f n e s  m a tr ix  f o r  a re c ta n g u la r  
e lem ent, Z ie n k ie w ic z  and Cheu ng f a i  used t h i s  method f o r  
a n a ly s in g  the  is o t r o p ic  and o r th o t ro p ic  s la b s .  West f a ]  used 
the  method f o r  skew s la b s .  He con s id e red  the  s la b  d iv id e d  in to  
v e ry  coa rse  netw ork and d id  no t a ch ie ve  v e ry  encou rag ing  r e s u lt s .  
F o llo w in g  two b a s ic  requ irem en ts o f  the method a re
(a ) The e lem ents a re  connected to g e th e r in  such a way 
th a t  no d is c o n t in u it ie s  o f  d e fo rm a tion s  occu r.
o o  The e lem ents a re  in  e q u il ib r iu m  su b je c t  to  the e x te rn a l 
lo a d s  and the fo r c e s  they  e x e r t  on each o th e r .
Based on these  assum ptions, the au tho rs  quoted above have 
used R i t z  method o f  s t a t io n a r y  t o t a l  p o t e n t ia l energy to  o b ta in  
the  s t i f f n e s s  m a tr ix  o f  the  e lem ent, A more m athem atica l fo rm u la t io n  
o f  the  prob lem  u s in g  v a r ia t io n a l  te ch n iqu e , has been suggested by 
Jones f a i -  The method may be summarised in  the fo l lo w in g  manner, 
f ig u r e  (2 .6 )*
( i )  The s la b  i s  d iv id e d  in t o  sm a ll e lem ents. The e lem ents a re  
con s id e red  to  be connected a t  the  noda l p o in ts ,w he re  c o n t in u it y  o f  
de fo rm a tion s  and c o n d it io n s  o f  e q u il ib r iu m  a re  e s ta b lis h e d .
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( i i )  F o r a q u a d r i la t e r a l e lem ent, th e re  a re  3 degrees o f  
freedom  a t  each noda l p o in t  and 12 in  t o t a l  f o r  an e lem ent,
( i i i )  S im i la r ly ,  a t  each n od a l p o in t  3 fo r c e s  a re  assumed
to  e x is t ,  two con cen tra ted  moments and a downward fo r c e ,  and f o r  an 
e lem ent th e re  a re  12 fo r c e s  a t  the nodes,
( iv )  The fo r c e s  and d isp la cem en ts  f o r  ah e lem ent can then  be 
r e la te d  i f  s t i f f n e s s  o f  the  elem ent i s  known.
(v ) I f  the e x te rn a l lo ad s  are  known, w hich a re  a c t in g  a t  the 
nodes, i t  i s  easy to  w r ite  the s t i f f n e s s  m a tr ix  o f  the whole s t ru c tu re .  
I f  no d isp la cem en ts  a re  s p e c if ie d ,  the  s t i f f n e s s  m a tr ix  o f  the 
s t ru c tu re  would be s in g u la r , .  G e n e ra lly ,  some o f  the  d isp la cem en ts
are  a lw ays s p e c if ie d ,  so th a t  rowsand columns o f  these  d isp la cem en ts  
a re  d e le te d  from  the  s t i f f n e s s  m a tr ix  o f  the whole s t ru c tu re .
Boundary c o n d it io n s  o f  fo r c e  type are  a ls o  easy  to  a p p ly . From a 
s o lu t io n  o f  t h i s  m a tr ix ,  d isp lacem en t o f  the  nodes a re  ob ta in ed .
( v i )  The moments a t  the nodes a re  r e la te d  in  terms' o f  d isp la cem en ts  
and s t i f f n e s s  m a tr ix  o f  the noda l d isp la cem en ts . From t h is  r e la t io n ­
sh ip  in t e r n a l  moments a re  ob ta in ed .
Z ie n k ie w ic z  and Che.nng £1 4 ]  fu s in g  t h i s  approach and assum ing 
a po lyno ra ina l re p re s e n ta t io n  o f  W  in  x  and y  w ith  12 undeterm ined 
c o n s ta n ts , succeeded in  o b ta in in g  s o lu t io n s  to  a v a r ie t y  o f  s lab, 
p rob lem s. The method o f f e r s  some advantages ove r o th e r methods.
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( i )  The a p p l ic a t io n  o f  boundary c o n d it io n s  i s  s im p le , 
whether they  are  d isp lacem en t o r  fo r c e  type*
( i i )  O ther s t r u c t u r a l  fo rm s, such as beams o r  colum ns, 
can be e a s i ly  in c o rp o ra te d  w ith  the  s la b .  T h is  i s  a g re a t 
advantage as i t  makes f o r  a u n ifo rm  approach to  many s t r u c t u r a l 
problem s in v o lv in g  s la b s ,  beams and columns.
U s ing  the  same approach as above w ith  po lynom ia ls . • as d e f le c t io n
function*  , West so lv e d  a skew s la b  w ith  fo l lo w in g  p ro p e r t ie s .
( i )  The s la b  i s  a p a ra lle lo g ra m  w ith  U .D .L .
( i i )  The s la b  i s  d iv id e d  in t o  12 e lem ents.
( i i i )  The s la b  i s  s im p ly  suppo rted  a long  two edges and f re e  on
o th e r  two edges.
The maximum d if fe r e n c e  in  the  v a lu e  o f  d e f le c t io n  as compared 
to  f i n i t e  d if fe r e n c e  s o lu t io n  o f  the same prob lem  was about 2 .5$ .
No v a lu e s  o f  moments a re  g iv e n  by West . in  t h i s  a n a ly s is .  I t  i s  
in d ic a te d  th a t  th ey  a re  n o t s a t is f a c t o r y  and do no t compare w e ll w ith  
the f i n i t e  d if fe r e n c e  s o lu t io n .  The rea son  i s  th a t  f o r  the f i n i t e  
elem ent s o lu t io n  the  d iv i s io n  o f  s la b  in t o  3 x  4 e lem ents i s  v e ry  
cou rse . I t  i s  c le a r  from  above th a t  the method needs more in v e s t ig a t io n  
b e fo re  i t  can be a p p lie d  to  skew s la b  prob lem s.
So f a r  o n ly  re c ta n g u la r  and p a ra lle l lo g ra m  e lem ents were used 
as the shape o f  the  f i n i t e  e lem ent. Some d i f f i c u l t i e s  were encoun tered  
f o r  the t r ia n g u la r  e lem ent. These d i f f i c u l t i e s  have been overcome,
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as in d ic a te d  by  Z ie n k ie w ic z  |15J , Now i t  shou ld  be p o s s ib le  to  
extend  the method to  many s la b  problem s in c lu d in g  skew s la b s .
2 .10  A p p l ic a t io n  o f  Complex V a r ia b le  Method
The method, o r ig in a l l y  deve loped f o r  p la n e - s t re s s  p rob lem s, 
has been used f o r  the s o lu t io n  o f  bend ing problem s in  s la b s .  An 
a p p l ic a t io n  and d is c u s s io n  o f  the method to  skew s la b s  in  bend ing  
i s  dem onstrated by Jones j^25^j . The d e f le c t io n  fu n c t io n  i s  chosen 
as a power s e r ie s  in  complex form  and boundary c o n d it io n s  a re  a ls o  
expressed  in  the  complex form . The in t e g r a t io n  o f t h is  fu n c t io n ,  
when the  re g io n  i s  a  c i r c l e ,  i s  s t ra ig h t fo rw a rd .  F o r a re g io n , 
o th e r  than a c i r c l e  as f o r  example a skew s la b ,  a mapping fu n c t io n  
i s  .necessary  to  tra n s fo rm  the re g io n  to  u n i t  c i r c l e  b e fo re  the 
in t e g r a t io n  can be perform ed. The a p p lic a t io n  o f  the method f o r  
m ixed boundary c o n d it io n s  would re q u ire  tremendous e f f o r t .  The 
method p ro v id e s  an e le g a n t t o o l  f o r  the m athem atica l s o lu t io n  
tp  many skew s la b  prob lem s.
FIN ITE  DIFFERENCE METHOD OF ANALYSIS 
3 .1•1  In t ro d u c t io n
The f i n i t e  d if fe r e n c e  method p ro v id e s  a n u m e rica l s o lu t io n  
to  a w ide range o f  d i f f e r e n t ia l  e qu a tio n s . I t ' s  u se , f o r  the  
s o lu t io n  o f  s la b  prob lem s, was dem onstrated by Marcus L18l  , and 
o th e rs . T h is  method i s  s p e c ia l ly  adap tab le  to  those  problems 
whose a n a ly t ic a l  s o lu t io n s  a re  e it h e r  d i f f i c u l t  to  o b ta in  o r  
in v o lv e  too  much work* Because o f  the d i f f i c u l t i e s  in  o b ta in in g  
a c lo se d  s o lu t io n  f o r  skew s la b s ,  f i n i t e  d if fe r e n c e  method was 
a p p lie d  by some au tho rs  in  the p a s t. E s s e n t ia l ly ,  a con tinuou s 
domain i s  re p la c e d  by a p a t te rn  o f  d is c r e te  p o in t s  w ith in  the domain. 
The f i n i t e  d if fe r e n c e  equa tio n s  re p la c e  a d i f f e r e n t ia l  e qua tio n  
and the boundary c o n d it io n s  by f i n i t e  d if fe r e n c e  app rox im a tion s in  
term s o f  a f i n i t e  number o f  unknowns a t  d is c r e t e  p o in t s .  In  t h is  
way f i n i t e  d if fe r e n c e  equa tio n s  re p la c e  a d i f f e r e n t ia l  e qu a tio n  and 
the  a t te n d in g  boundary c o n d it io n s  by  a s e t  o f  l in e a r  s im u ltaneous 
a lg e b ra ic  e qu a tio n s .
In  the p a s t ,th e  s o lu t io n  o f  these  equ a tio n s  l im it e d  the  scope o f  
t h i s  method to  many p rob lem s. T h e o r e t ic a l ly ,  these  a lg e b ra ic  e q ua tio n s  
co u ld  be so lved  u s in g  v a r io u s  te ch n iq u e s , l i k e  the r e la x a t io n  method, 
h u t the e f f o r t  needed was stupendous. The s o lu t io n  o f  these  a lg s b r a ic
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equa tio n s  has been g r e a t ly  f a c i l i t a t e d  by d i g i t a l  com puters. Thus 
the  f i n i t e  d if fe r e n c e  method h o ld s  g re a t prom ise to  many s la b  problems# 
3«1•2 As sum ptions
In  a d d it io n  to  the  assum ptions g iven  in  s e c t io n  (2 ,1 )  f o r  the  
sm a ll d e f le c t io n  th e o ry , the  fo l lo w in g  assum ptions a re  made. These 
assum ptions a re  used f o r  the  case when two skew edges o f  the  s la b  
a re  s im p ly  supported  and rem a in ing  edges supported  Cn e la s t i c  beams.
(1 ) The beam and the  s la b  d i r e c t l y  o ve r i t  d e f le c t  a l ik e .
(2 ) The edge beams on each s id e  o f  the s la b  a re  lo c a te d
a t  the edge o f  the s la b .
(5 ) There i s  no moment norm al to  the edge o f  the  s la b .
(4 ) The v e r t i c a l  r e a c t io n  norm al to  the  edge o f  the s la b  i s
t ra n sm it te d  to  the edge beam as a v e r t i c a l  lo a d ,
3*2 Types o f  Network f o r  Skew S lab s
In  f ig u r e s  (3*1) a re  shown v a r io u s  types o f  netw ork g e n e ra l ly  
used f o r  s la b  prob lem s. R e c ta n g u la r, hexagonal o r  t r ia n g u la r  and skew 
netw orks cou ld  be used f o r  skew s la b s .  These a re  b r i e f l y  summarised 
be low , b e fo re  t r e a t in g  skew netw ork in  g re a te r  d e t a i l .
3 .2 .1  R ec ta n gu la r Network
R e c tan gu la r netw ork may be u s e f u l ly  employed f o r  c e r t a in  ang le s  
and r a t io  o f  s id e s ,  Jensen riel used i t  f o r  a number o f  ang le s  o f
55
36
%•- ■•A- A ',V,< • .fl ■••■". *
. A 1 " v\ ! ■ A... • ; /
s 7 ■‘ i f *+., • ;;
I<<II
i ..
.-'.A ‘
. .. . a . r
-A • • ^
■ • ' ' ... - ■ i_
A-,' -Ai ' aa '"■A
1 , . .
Xx — ~
• "N • . ;
S Q U A R E (b )  R E C T A N G U L A R
(c) R A D I A L (d) H E X A G O N A L
u i.y
p . A
m
/ v  -
. . /
A + U A
XV +  \ ] y\ /  \  1 X
< \ v
v. V
/  \ / \
f / § 'V /  “v  a., ■ x; •
7></' .■ 
(<2) TRI ANGU i . AR ( f )  S K E W
T Y P E S  OF N E T W O R K S  FOR F IN IT E .  D I F F E R E N C E  ■ EQ U A T IO N S
• • A  ■ ' ; F IG .' 3.1 ■ A A  A  " A  ' '•■. ■ • ■ A-- .A...
37
o f  skew and p ro p o r t io n  o f  s id e s .  I t  i s  n o t adap tab le  f o r  g en e ra l 
skew ang le  and r a t io  o f  s id e s .
3 .2 .2  T r ia n g u la r  o r  Hexagonal Network
Jensen f l 8 j  in v e s t ig a te d  a number o f  cases o f  skew s la b s  w ith
d if f e r e n t  boundary co n d it io n s*  In  o rd e r to  employ a g en e ra l
te chn ique  f o r  a l l  these  ca se s , he used a t r ia n g u la r  netw ork.
The cu rva tu re s  in  x  and y  d ir e c t io n s  are  expressed  in  3 d ir e c t io n s ,
x , u and v  ( f ig u r e  3®1 ©)• These a re , then , re p la c e d  by t h e i r
4- ^
f i n i t e  d if fe re n c e  e q u iv a le n ts .  F in a l l y ,  the s la b  equa tio n , 
i s  c a s t  in t o  these  f i n i t e  d if fe re n c e  e q u a tio n s . T h is  g iv e s  
a 19 p o in t  netw ork f o r  a g en e ra l in t e r io r  p o in t .  S u ita b le  boundary 
c o n d it io n s  are  in co rp o ra te d  to  o b ta in  o p e ra to rs  nea r the edges. 
U s in g  these  o p e ra to rs , then , a number o f  cases o f  skew s la b s  were 
s o lv e d  by Jensen fl8^  . He d id  no t check the  a c cu ra cy  o f  the 
r e s u lt s  ob ta ined  by advancing  to  f in e r  mesh s iz e s .  E q u il ib r iu m  
check was a p p lie d  f o r  th e  oase when two oppo s ite  edges were f re e  
and rem a in ing  two edges s im p ly  supported , T h is  was shown to  be 
s u f f i c i e n t l y  c lo s e .  These equa tion s  were la t e r  used by Rob inson j+L 
to  so lv e  25 p a ra lle lo g ra m  s la b s ,  h av ing  two o p p o s ite  edges s im p ly  
supported  and the rem a in in g  two edges f r e e .  He ob ta in ed  these  
r e s u l t s ,  u s in g  an e le c t r o n ic  computer,
3 .2 .3  Skew Network
The t h i r d  type o f  netw ork, used f o r  s o lv in g  skew s la b  problem s
i s ,  when the mesh i s  i n  the shape o f  p a ra lle lo g ra m  w ith  s id e s  
p a r a l le l  to  the  s id e s  o f  the s la b ,  T h is  type o f  netw ork was 
adopted by Fav re  [2 0 ] to  s o lv e  the  bend ing  o f  skew s la b s  w ith  
a l l  edges s im p ly  supported  w ith  u n ifo rm  norm al lo a d in g . He 
re p la c e d  the  gove rn ing  d i f f e r e n t ia l  equa tion s  in  skew c o o rd in a te s . 
T h is  d i f f e r e n t ia l  e q u a tio n  was, then , re p la ce d  by  i t s  f i n i t e  
d if fe r e n c e  equ iv a len t*  U s in g  t h i s  method and a d i g i t a l  computer, 
M o r le y  £ 3 ] so lved  a number o f  cases o f  rhom bic s la b s  w ith  a l l  
edges s im p ly  supported  w ith  v a ry in g  mesh s iz e s  and u n ifo rm  norm al 
lo a d in g .
The d if fe r e n c e  method, to  be used h e re , i s  s im i la r  to  th a t  
deve loped by  Chen [ 21] .  The mesh i s  aga in  p a ra lle lo g ra m  w ith  
axes p a r a l le l  to  the s id e s  o f  the  slab* B e fo re  g iv in g  the f i n i t e  
d if fe r e n c e  o p e ra to rs  f o r  d i f f e r e n t  p o in t s ,  i t  i s  b e s t  to  p o in t  
ou t the  s l i g h t  d if fe r e n c e  between t h is  and F a v re ’ s [20]  approach. 
Favre  c a s ts  the  d i f f e r e n t ia l  e qua tio n  in t o  skew co o rd in a te s  b e fo re  
p ro ceed ing  to  s o lv e  the problem* Chen | 2 l j  co n ve rts  the cu rv a tu re s  
in  the  x  and y  d ir e c t io n s  in t o  m  and sy d ir e c t io n s ;  the x  and U, 
d ir e c t io n s  c o in c id e .  The o p e ra to rs  a re , then , worked out f o r  v a r io u s  
p o in t s .
3*3 D e r iv a t io n  o f  E q u a tio n s
The g ove rn ing  d i f f e r e n t ia l  e qua tio n  f o r  t h in  s la b s  in  bend ing  i s
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where p i s  in t e n s i t y  o f  lo a d in g ,  w i s  the d e f le o t io n  o f  n e u t r a l
su rfa ce  o f  s lab ,D  i s  f le x u r a l  r i g i d i t y  o f  s la b ;  D « Eh
v
and
•x 2 x p
L a p la c e 's  O pe ra to r = J Y  + 0
b x ?  b'j2-.
In  a d d it io n  to  e q u a tio n  (3*1),  a s o lu t io n  to  W  , must a ls o  
s a t i s f y  the  boundary co n d it io n s*  The o th e r q u a n t it ie s ,  moments, 
shears and r e a c t io n s  a re  r e la te d  by the fo l lo w in g  fo rm u la s . 
Moments:
Mx «* -D + V  ^ r t )
f e  i f f
-E { V - W  b*w \My
Mxy » -Myx = ~D 
S hea rs :
— +v 
0 - v ) (
(3 .2 )
Qy
R eac t io n s
- -d
- D
(3 .3 )
V bjVJx;
3
3 W
*6 y
Vy = Q y . +  t>Mxy +(z-v)
j
(3 .4 )  >
The o rd in a ry  th e o ry , g iv e n  above, needs m o d if ic a t io n  in  the 
neighbourhood <5f a con cen tra ted  lo a d .
The d i f f e r e n t i a l  e q u a t io n  o f  a  beam in  x  -  d i r e c t io n  i s
K  Ib + +  = <1 
^  13 T>*4
( 3 . 5 )
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le n g h t a lo n g  the beam.
w here i s  f l e x u r a l  r i g i d i t y  o f  the  beam, q i s  lo a d  p e r  u n it
The moment a t  any p o in t  o f  the beam i s  g iv e n  by
(3 .6 )
3*4 F in i t e  D if fe re n c e  o p e ra to rs  f o r  Skew Network
C ons ide r a skew s la b  o f  p a ra lle lo g ra m  shape w ith  any an g le  o f  
skew and r a t io  o f  s id e s .  Two se ts  o f  l in e s  a re  drawn p a r a l le l  
to  the two ad ja cen t s id e s  o f  p a ra lle lo g ra m . The axes U, and v  are  
p a r a l le l  to  two s id e s  o f  s la b .  The h o r iz o n ta l a x is  i s  taken  as the 
X and IX  axes. The in c l in e d  a x is  i s  the V - a x i s  and a l i n e  p e rp e n d ic u la r  
to  x - a x is  i s  the y - a x is .  The ang le  i s  d e f in e d  as the ang le  between 
the  axes V  and y . The r e la t io n s h ip  between skew and re c ta n g u la r  
axes i s  shown in  f ig u r e  (3*5)* C ons ide r a t y p ic a l  i n t e r io r  p o in t  
0 w ith in  the s la b .  The v a r io u s  p o in ts  su rround in g  0 a re  id e n t i f i e d  
b y  numbers. These p o in ts  would be a f fe c te d  when o p e ra to r i s  a p p lie d  
a t  0. T h is  i s  shown in  f ig u r e  (3 * 2 ) .
The d im e n s io n sX x , \ y f X u  a n d A v  are  r e la te d  by
The r e la t io n s h ip  between the d e r iv a t iv e s  o f x ,  y  and u , v  i s  
g iv e n  in  append ix  A. W ith  the fo l lo w in g  a b b re v ia t io n s ,  e xp re ss io n s
\
X  u = X *  
AX (3 .7 )
f o r in  th e  f i n i t e  d i f f e r e n c e
f i g .  3.3
42
form  a re  g iv e n  below*
K = N  ■ B « Ktanc^ A » B2+K2 K2/C o s^ , ( 3 . 8 )
-^ - | 4  -  K2 ( f l ' -  2 fo  + fa.) (3 .9 )
b x 2 )  X f i
~b2f \  «■ 1 [ B2 ( f l "  + f l)  -  (2 + 2B2 ) fo  
' b y 2 )  X y ^ L
* I  « . “ >
1 *■
^  A x  ^
* JL  p . ( f^ +  f^ ) -  (2 + 2A) f Q
°  + k  ( “ f 1/2 + f 12+ f i2 / “  f 12^ + f 2 + f 2 J  ( 3 . 1 l)  •
/ + L\ “ i  f 6 ( Y + V  -  2B fo + l ( - f 6  + fl2 + f # -  f 12') ] ( 3 .1 2 )  
y b x A y  I 4 J
3*5 F in i t e  D if fe re n c e  Equ a tion s  f o r  Skew Network
The d e r iv a t iv e s  o f  any fu n c t io n  in  x ,  y  d ir e c t io n s  as w e ll 
as L a p la c e Ts o p e ra to r have been expressed in  u , v  d ir e c t io n s  in  
the f i n i t e  d if fe r e n c e  form . U s in g  these r e la t io n s  the  d i f f e r e n t ia l  
e qu a tio n  o f  d e f le c t io n  o f  n e u t r a l su rfa ce  o f  the s la b  may be 
transfo rm ed  a t  n oda l p o in ts  in  the f i n i t e  d if fe r e n c e  form . The 
d i f f e r e n t ia l  equa tio n  (3*1) niay be c o n v e n ie n t ly  expressed  a s ,
D f f v  p (3 .1 3 )
■ g v  = TJ (3 .14 )
Fo r an in t e r io r  p o in t  o d e f in e d  by f ig u r e  (3 .2 )  the  equa tio n s  
(3 .1 3 ) and (3 .1 4 ) may be re p la c e d  by t h e i r  f i n i t e  d if fe r e n c e  e q u iv a le n ts .
b  i s  the com b in ed -e ffe c t o f  U .D .L* , p o in t  lo a d  and l in e  lo a d ,
«o
I f  p o in t  0 i s  an in t e r io r  p o in t ,
« po + %  + f o  -  P° . ^ °  + (5 .17a )
^  + Ax*y Ay y x
I f  p o in t  0 l i e s  on an e x t e r io r  p o in t ,
5o “ P0 + 3  + PQ - Po +!2a_ + t o £ a .
± A y  ± > « A y  A y  A y  (5 .17b )
i
3*5*1 G ene ra l I n t e r io r  p o in t
I f  th e re  i s  an in t e r io r  p o in t  0 in  f ig u r e  (3*4)* then e xp re s s in g  
the expansions o f  II a t  v a r io u s  p o in ts  s im i la r  to  (3*16) in  (3*15) 
the o p e ra to r shown in  f ig u r e  (3*5) i s  ob ta in ed ,
3.5*2 I n t e r io r  P o in t  Near S im ple  Support
I f  the  p o in t  0 i s  n ea r the  s im p le  support shown in  f ig u r e  (3*6),  
the  fo l lo w in g  boundary c o n d it io n s  a re  to  be, in c o rp o ra te d .
(w) , = o'  7suppo rt
( V  w)suppo rt ~ suppo rt o (3*18)
In tro d u c in g  these  c o n d it io n s  in  equa tion s (3*15) and expand ing 
rem a in ing  U as in  equ a tio n  (3*16),  op e ra to rs  g iv e n  in  f ig u r e s  ( 3 . ? )  
and (3*9) a re  o b ta in ed . O pe ra to r in  f ig u r e  (3*7) i s  when p o in t  0 ' 
i s  n ea r l e f t  suppo rt and o p e ra to r in  f ig u r e  (3*9) i s  when p o in t  0
G E N E R A L :  IN T E R IO R  POINT
:AB„2..0+£.iAB}
- ~.4-0\+A)— . A j L  Aw B AAA \ --AP.
IN T E R IO R  A A P O IN T v a N E A R + L E P T  S IM P I  F 
S U P P O B I W .  ' A  P v +  : •
& ± & M n $ k
I N T E R i m S IM PLERLGJ t l
2 J J S & Z & & X
A^iJSPedge
INTERIOR ■ POINT:.'- N EAR  : iLQfiLE
'% A ’-B'-ctisi- -i.-xa-^c a-a>_crN___^/aJsfi-gig3
X  ’t >"■& '' \‘P
i.!-Xr •*-tov'iVVl srM
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3*5*3 I n t e r io r  P o in t  Near the  Edge
C ons ide r the  p o in t  ,0 nea r the edge o f  s la b  as shown in
i s  n e a r  r i g h t  su p p o rt ,
f ig u r e  (3*8)* The boundary c o n d it io n  a t  the edge i s
( V  / T ? V i
edge = 0  = - D I +V£
-_ -D | V w
(U) -  ( 1  -  y )
ed<
edge ' ' b)<±'edge
In tro d u c in g  C = ( l - v ) K 2
(5 .19 )
(5.20)
The fo l lo w in g  e xp re s s io n s  a re  ob ta ined  f o r  U ^ ,  IT^  and 
!wI2 + w2>U1'2 = 0 ( MMl >n w32
V 2
U2 = c>y2 (w12
U12 (w2
2
’x z
'XZ-
r3Z
(5.21)
When the c o n d it io n s  (3*21) a re  in co rp o ra te d  in  (3*15) and TJ’ s 
a re  expressed  as in (% X 6 ) ,o p e ra to r  g iv e n  in  f ig u r e  (3 .1 0 ) i s  o b ta in ed , 
where
N « B ( A + C ) (3*22)
3*5*4 G ene ra l Edge P o in t
Cons ide r the p o in t  0 ly in g  on the edge shown in  f ig u r e  (3 .1 1 ) .  
F o r p o in ts  l ' , 0 and 1 , U may be expressed  as < in (5 .19  >3*21)
G EN  E R A L +  E D G E + / W Q i m
-:-ac+
+ A C - 4 - J  - S c A f e A C v & J  - 4 A C - - 4 J
n / x  a-ft* o n  - Q j tT l a-ic Vvb*c+n -H/a
ED GE POINT - .NEAR-  S H A  R PH UOR Isl ER-
4.(1* Aj 2(A+B-vAB} -AS.
PO INT  4 NEAR7:7:-BLUN% AG0R?|s|eR:
The o th e r boundary c o n d it io n  may be expressed  as the v e r t i c a l  
r e a c t io n  norm al to  the edge o f  the  s la b ;  i t  i s
( i )  ze ro  f o r  f r e e  edge
( i i )  t ra n sm it te d  to tb e  beam as a v e r t i c a l  lo a d  »
°  -  E. I . (
b  edge
(v )x y 'edge (3 .24)
T h is  g iv e s  the  e x p re s s io n
®b 3  o +  t i  -  v ) l . ( b w /
T “  t t i e t " U s F " b y V b x f y
- O  (3 .25)
ob x4 b y
In  e x p re s s io n  (3 -25) d i f f i c u l t y  is  encountered when rem oving the 
f i c t i t i o u s  p o in ts  w ith  ( b  U ) and b  ( 0  T h is  i s  overcome by
(by )0 by Cbi&jor
e x p re s s in g  the  f i r s t  d e r iv a t iv e  o f  any fu n c t io n  >  , a t  p o in t  0 in  
term s o f  f i n i t e  d if fe re n c e s  in  the neighbourhood o f  p o in t ,  namely p o in ts  
2 , 12, 1^2 and 2^, 12^, 1^ 2 ', ( f ig u r e  3 * H a ,  3 * H b ) ,  A ls o
J 4 ^ '+  6w  ^ -  4wn + w* (3*26a)V b  ( £  ^  ji » Ebib id
Ay4'
T h is  i s  the lo ad  c a r r ie d  b y  the  beam, expressed  as
where
DJ
A ,4
w?'  — 4w / + 6w — 4^ n + W-2 3 1 o 1 5
L
j ° t e  f
D-ky
(3.26b)
(3.26o)
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When the above approx im ations are in co rp o ra te d  in  (3*25),  i t  
g iv e s  an e xp re s s io n  which h e lp s  to  e lim in a te  Ug, U^2 and *
The f i n a l  r e s u l t  i s  g iv e n  in  f ig u r e  (3 .12 ) .  The e xp re s s io n  g iven  
in  f ig u r e  (3*12) in c o rp o ra te s  the edge beam. I f  the  edge i s  f r e e ,
J  i s  equa l to  ze ro  in  t h i s  e xp re s s io n .
3.5*5 I n t e r io r  P o in t  Near Edge
C ons ide r p o in t  0 n ea r a  sharp  co rn e r o f  s la b  as shown in  f ig u r e  
(3*13)* The boundary c o n d it io n s  are
^support a 0
(U  ) , v 7suppo rt a 0
« C 1c.
Ay2
U12 a C 1
X 2A y
(3 .27)
£ > 1 2  - 2w2 + W12> 
**. G (w2 “ 2w12 + W3 2-*
When these  boundary c o n d it io n s  a re  in co rp o ra te d  in t o  e xp re ss io n s  
(3*15) and (3-16) the  o p e ra to r  g iv e n  in  f ig u r e  ( 3 . 1 4 ) i s  ob ta in ed .
I f  the  p o in t  0 i s  n ea r b lu n t  c o rn e r, the o p e ra to r i s  g iv e n  in  
f ig u r e  (3 .1 5 ) .
3*5*6 Edge P o in t  Near Corner
C ons ide r the p o in t  0 on the edge and nea r the suppo rt, as shown 
in  f ig u r e  (3*16).  The boundary c o n d it io n s  a re
( w) 
( U)
suppo rt
suppo rt
(^support =.-EbIb ( - k
XW a 0 >
(3 .2 8 )
V 2X
su p p o rt
E D G E  POINT" N E A R T A S H A R P :  . CORNER
•t*AC+J?
- 1 Q 2 C
E D G E  //POINT /N E  A R  >BLU N T - CO R N E R
4-AC^J
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Two fu r t h e r  c o n d it io n s  a r e  s p e c i f i e d  a t  the c o rn e r  p o in t  l ^ .
(•
bw \ -  0 ( 3 . 29a)
W l
( My)i" 0 (3.29b)
Aga in  the  f i r s t  d e r iv a t iv e s  o f  any fu n c t io n  k  , a t  p o in t  0,
a re  expressed  in  term s o f  f i n i t e  d if fe re n c e s  in  the ne ighbourhood o f
p o in t s .  C a rry in g  ou t t h is  o p e ra t io n  and in c o rp o ra t in g  the boundary 
c o n d it io n s  (3 .28 ,)an d (3 .2 9  ) h e lp s  to  e lim in a te  the f i c t i t i o u s  p o in t s .  
F in a l l y  the o p e ra to r g iv e n  in  f ig u r e  (3*17) i s  o b ta in ed . I f  the 
p o in t  0 i s  n ea r the b lu n t  co rn e r, the  o p e ra to r g iv e n  in  f ig u r e  (3#IB) 
i s  ob ta in ed .
The o p e ra to rs  g iv e n  in  f ig u r e s  (3*17) and (3,IB )  a re  to  be m o d if ie d
by p u t t in g  J s O i f  th e re  i s  no edge beam.
In  re fe re n ce  1|the j u s t i f i c a t i o n  o f  u s in g  the a d d it io n a l c o n d it io n s  
(3v29a)&tid (3*29b) i s  d is c u s se d . I t  i s  shown th a t  the r e c ip r o c a l 
r e la t io n s h ip  and the  t o t a l  sum o f  c o e f f ic ie n t s  a re  s a t i s f ie d .
3 .6  F in i t e  D if fe re n c e  E x p re s s io n  f o r  Moments
The e xp re s s io n s  f o r  ou rva tu re s  o f  any fu n c t io n  | o f  x ,  y  i s  
g iv e n  in  s e c t io n  ( 3 *4 )* By s u it a b ly  in c o rp o ra t in g  th e se , e xp re s s io n s  
f o r  moments may be ob ta in ed .
3 .6 .1  I n t e r io r  P o in t
I f  the e xp re s s io n s  (3#9)> (5*10) and (3*11) are  used in  the equa tio n s  
g iv e n  in  s e c t io n  (3.5)> the moment e xp re ss io n s  a re  o b ta in ed . F ig .  (3 .19a )
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(M ) x x' o r£
A y
(M ) v y 'o -DIe
yA 2
2 2
(K + vB ) ( wj f  ~ 2wq + w^) + v ( w2 *" + wg )
+ k B C - w ^  + w12 + - w12'}
p  O
(B  + v£  ) (w^ -  2wq + w^) + (w2 -  2wq + Wg) 
+ w 12 + v'2' -w12')
(3 .5 0 a )
(M ) v x y ' o -DC' QKAJr
B(w£ -  2wq + W]_) + I ( - Wl'2 + w12 + w ' , ' -  wx ')
4
(3 .30b )
(3 .30o)
3 ,6 ,2  P o in t  on the S im p ly  Supported Edge
When p o in t  0 i s  on the edge, equa tion s  (3*30) are  m o d if ie d  by; 
( f ig u r e  3 *1 9 "b),
W2 - wo - w2' - 0
TJ « oo > ( 3 . 3 1 )
( b w ) « o
l b ’v ) Q
Inc o rp o ra t in g  the se c o n d it io n s .g iv e  a ,
(Mx)o = -(Mjn - rtD C S i n l t ja («,„-- v19)y 'o
A  y 2 2 K
12 "12
\ (3 .32)
' 1 2 ' " W'12)( L ) .  - £  <7- C q s 2 + (w 1
A y 2 2 K
I f  the p o in t  0 i s  on the o th e r  s im p ly  supported  edge? f ig u r e  ( 3 .19c)
(Mx )0 =-(My)o - -Dn C-SinzH (w^  -
I KA 2
(Mx y } o ( " 1 2  “  wf s )
\ 2 A y
( 3 . 33 )
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Fo r a p o in t  0 a lo n g  the  top  edge, f ig u r e  (3*19^)?
+ v fr ^ w\ » o
bxZJo
3 * 6 . 3  P o in t  on the  Edge*
( V o
V b y 2
M - - (1 - V2) ( v '  - 2w + wn)x  -  l o x
A y
(3 .3 3 a )
(3 .33b )
Mxy -  DC 
l & y 2
B ( w '  -  2wq + wx ) + ■K-w1'+  wx + w12' -  w ^ )
3*6.4 P o in t  Near Top Edge and Near a Sharp C om er
F o r a p o in t  0 shown in  (3*19©) near the sharp  c o m e r,
(M Qo = - D _ £  (1  “  V2 ) ( -2wo + wx )
A :;2y
(M ) » o ^ y /o
(V o  - “V
'icV
B(~2wq + wx ) + i(w 1 -  w12')
S im i la r ly  f o r  the  p o in t  0 nea r the  b lu n t  c o m e r , f ig u r e  (3*19f)> 
(Mx)q = -D./ (1 - v2) (-2wrt + w')
Ay"
(3 .33c )
(3 .34a )
(3 .34b )
( 3. 340)
(M ) « oy o
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< X V) ■* =£2 
k V 2
B(wx'- 2wq) + (3 .344 )
3*6.5 Moment i n  beam
The moment in  beam a t  an in t e r io r  p o in t  i s  g iv e n  by
( V o  = ' V b  ( V  -  2w0 + w-,) (3 .35 )
.  . A y 2
The f i n i t e  d if fe r e n c e  equa tion s  summarised above, have been 
used to  s o lv e  the prob lem  o f  bend ing  o f  skew s la b s .  In  o rd e r to  
f a c i l i t a t e  the c a lc u la t io n s  and to  o b ta in  the r e s u lt s  the above 
prob lem  was programmed u s in g  the  S i r iu s  Autocode£ 3 3*|.
3 .7  Computet* Programmes
I f  t?*;e unknowns a t  d is c r e te  p o in ts  are  jjw^ j and the lo ad  
v e c to rs  a re  and the c o e f f ic ie n t  m a tr ix  then
H H - t 1]  < w 6 >
H  “  I 8 ] " 1 ’ ? 1 ]  ( 3 , 3 7 )
The programming in v o lv e s  the  s e t t in g  up o f  c o e f f ic ie n t  m a tr ix  
and f in d in g  the s o lu t io n  ^ l j .  Hav ing ob ta in ed  the  d e f le c t io n s
j^ w j ,  the  moments a re  computed from  them. Because o f  l im it e d  s to rage
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o f  S i r iu s  Computer in s t a l le d  a t  the  C o lle g e , i t  was no t p o s s ib le  
to  p repare  a s in g le  programme to  c a r r y  out a l l . t h e  operations#
Three programmes were made which a re  b r i e f l y  d e s c r ib e d  below .
3#7.1 Programme P^
T h is  programme was w r it t e n  to  o b ta in  the  d e f le c t io n s  when a l l  
s id e s  o f  the skew s la b  were s im p ly  supported . F o r s im p l i c i t y  the  
b i-h a rm on ic  was b roken  up in t o  two p a r t s ,  g iv e n  by equa tio n s  (3 .15)  
and (3 .1 6 ) .  When the s id e s  were s im p ly  supported  bo th  d e f le c t io n s  
W  and U a re  ze ro  a t  the b ound a r ie s . T h is  reduces the prob lem  o f  
programming the o p e ra to r g iv e n  in  f ig u r e  (3 .2 0 ) .  A f lo w  c h a r t  i s  
g iv e n  in  f ig u r e  (3*23). The numbering o f  g r id  p o in ts  i s  shown in  
f ig u r e  (3*21a). T h is  g iv e s  a  banded m a tr ix  a lo n g  the d ia g o n a l. The 
banded s e t  o f  equa tio n s  would re q u ire  few er o p e ra t io n s  f o r  i t s  
s o lu t io n  and le s s  s to rage  space than  i t s  unbanded e q u iv a le n t .  The 
d a ta  tape c o n s is t s  o f  two p a r t s ,  A and B.
Data tape A c o n s is t s  o f  the param eter tape and the m aster tape . 
The param eter tape  i s  p la ce d  a t  the  s t a r t  o f  d a ta  tape A and c o n ta in s  
the con s tan ts  f o r  a p a r t ic u la r  s la b .  Th is  p a r t  changes f o r  e ve ry  
d i f f e r e n t  type o f  s la b .  The r e s t  o f the  tape i s  the m aster tape .
T h is  p a r t  o f  tape A once found c o r r e c t  can be used f o r  any number o f 
t im es , as lo n g  as the  same g r id  p o in ts  are  used. The da ta  tape B 
c o n ta in s  the lo a d  v e c to r .  T h e re fo re , o n ly  d a ta  tape B and param eter 
tape o f  d a ta  tape A need chang ing  f o r  a d if f e r e n t  skew s la b .
E D G E S /  . S I M P L Y  ' S U P P O R T E D
NUM  B E R I N G  
\  - NODES  v
TWO O P P O S I T E  E D G E S -  / / S IM P L Y ' "  S U P P O R T E D
In  t h is  programme, f i r s t  the  d a ta  tape A i s  read  in  the f r o n t  
tape re ade r and re le v a n t  co n s ta n ts  a re  computed. Then d e t a i ls  o f  
g r id  p o in ts  a re  read  and c o e f f ic ie n t  m a tr ix  LS 1  s e t  up. A f t e r  t h i s ,  
d a ta  tape B, c o n ta in in g  the  lo a d  v e c to r  i s  read  in .  Then, u s in g  the
r - lS ir iu s  su b -ro u t in e  the m a tr ix  IS  n i ]  i s  c a lc u la te d .  T h is  i s  the
q u a n t it y  L )  in  e qua tio n  (3.15)* Once ag a in  the da ta  tape A i s  read
in  the f r o n t  tape re ade r . The back tape re a de r now reads the '-output t j  
-1
Aga in  I s  I T  1 J  i s  c a lc u la te d  and t h is  i s  the  d e f le c t io n  o f  th e  g r id  
p o in ts .
The programme can be used to  s o lv e  a skew s la b  w ith  fo l lo w in g  
l im i t a t io n s .
( i )  A l l  s i d e s . o f  s la b  shou ld  be s im p ly  suppo rted ,
( i i )  Can be used f o r  those s la b s  th a t  g iv e  a  maximum o f
65 e qua tio n s ,
( i i i )  A maximum o f  4 lo a d  v e c to rs  can be so lved  a t  a tim e .
( iv )  W ith in  the f i n i t e  d if fe r e n c e  app rox im a tion  any lo a d in g  
case g iv e n  by equa tio n  (3*17) can be so lve d .
(v )  Any r a t io  o f  s id e s  and ang le s  o f  skew may be so lved .
3*7*2 Programme Pg
T h is  programme was w r it t e n  to  o b ta in  the d e f le c t io n s  o f  skew s la b s  
w ith  two op p o s ite  skew edges s im p ly  supported  and the  rem a in ing  two 
edges e it h e r
( i )  f re e  o r  ( i i )  supported  on e la s t i c  beams.
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The two d i f f e r e n t  cases ( i )  and ( i i )  a re  genera ted  hy s u it a b ly  
in c o rp o ra t in g  the  v a lu e  o f J  i n  f i n i t e  d if fe re n c e  o p e ra to rs , as 
e xp la in e d  in  S e c t io n  (3.54> 3*56). The numbering o f  g r id  p o in ts  
i s  g iv e n  in  f ig u r e  (3 .2 1 b ). A f lo w  c h a rt  i s  g iv e n  in  f ig u r e  ( 3 . 2 4 ).
The da ta  tape c o n s is t s  o f  A and B.
Ba ta  tape A co n ta in s  two p a r t s ,  param eter tape and m aster tape .
The param eter tap e , g iv e n  in  the  b eg in n in g  o f  d a ta  tape A, c o n ta in s  
the  co n s ta n ts  f o r  a p a r t ic u la r  s la b .  From t h is  the  co n s ta n ts  o c c u r r in g  
in  the  o p e ra to rs  a re  generated* These op e ra to rs  a re ,  then , s to re d  in  
a ss ig ned  lo c a t io n s  in  s e q u e n t ia l o rd e r. Each o p e ra to r i s  g iven  a 
code number. In  t o t a l  12 d i f f e r e n t  op e ra to rs  were needed f o r  
programming. Then, the  m aster tape i s  re ad . Fo r each g r id  p o in t  the
a re  s to re d  in  t h e i r  p rop e r lo c a t io n .  In  t h is  way. the  whole c o e f f ic ie n t  
m a tr ix  i s  s e t  up.
The da ta  tape B c o n ta in s  the  lo a d  v e c to r .  Im m ed ia te ly  the da ta  
tape A i s  f in is h e d ,  da ta  tape B i s  read  in .  U s in g  the S i r iu s  subrou tine}
d e f le c t io n s  o f  g r id  p o in t s .
The programme can be used to  so lv e  f o r  a s la b  w ith  fo l lo w in g  
l im i t a t io n s .
( i )  Two o p p o s ite  skew edges to  be s im p ly  supported  and the 
rem a in ing  two edges f r e e  o r  supported  on e la s t i c  beams.
re le v a n t  o p e ra to r i s  s e le c te d  and th e  e lem ents o f  c o e f f ic ie n t  m a tr ix
c a lc u la te d  and p r in te d  ou t. T h is  i s  the  m a tr ix  o f
( i i )  I t  can so lv e  56 d i f f e r e n t  g r id  p o in ts ,
( i i i )  I t  can s o lv e  5 lo a d in g  cases a t  one t im e ,
( i v )  W ith in  the f i n i t e  d if fe r e n c e  app rox im a tion , any lo a d in g
case g iv e n  by equa tio n  ( 3 . 1 7 )> can be so lved .
(v )  Any r a t io  o f  s id e s  and ang le s  o f  skew may be so lve d .
3.7*3 Programme
T h is  programme was w r it t e n  to  o b ta in  the v a lu e s  o f  moments from  
the  d e f le c t io n s  c a lc u la te d  from  the programmes and Pr,. A f lo w  
c h a r t  i s  g iv e n  in  f ig u r e  ( 3 *2 5 ).
There are  two da ta  tap es , A and B.
B a ta  tape A i s  made up o f  two p a r ts ;  param eter tape and m aster 
tap e , as in  the  e a r l i e r  programmes. Each d i f f e r e n t  o p e ra to r was 
a ss ig ned  a code number. In  t o t a l  14 d i f f e r e n t  o p e ra to rs  were used. 
F i r s t  param eter tape i s  read  in  and the con s tan ts  f o r  the g iv e n  s la b  
a re  c a lc u la te d .  Then the d a ta  tape B i s  read  in .  Data tape B i s  the 
d e f le c t io n  ou tpu t tape from  programmes P  ^ and P^. Now the m aster 
tape i s  read  in  and th e  v a lu e s  o f  moments a re  c a lc u la te d .
The v a lu e s  o f  maximum moments and t h e i r  d ir e c t io n s  were a ls o  
o b ta in ed , These v a lu e s  are  g iv e n  by
M
M
max,
m in.
^  J
1 2M ml x y  \
( 3 . 3 9 )
( 3 . 3 0 )
tan  9 = -§- ta; (3 .4 0 )
f x "  * V
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U s ing  t h i s  programme, v a lu e s  o f  d e f le c t io n s ,  M -, M , M , MX Jr Xjr DlclrX #
and © are  ob ta in ed  f o r  each g r id  p o in t ,m in,
3 .8  Ana ly ses  o f  Skew S labs
U s in g  the programmes P^i, ,-Pg and P^, th ree  types o f  skew s la b  
were a n a ly se d • The a n a ly s is  was l im it e d  to  u n ifo rm  norm al lo a d in g . 
T h is  a llow ed  the advantage o f  the skew symmetry o f  lo a d in g  in  a 
g en e ra l skew s la b .  The s la b s  were ana lysed  f o r  d i f f e r e n t  mesh s iz e s  
to  see the degree o f  ap p ro x im a tio n s . The models o f  these  s la b s  were 
a ls o  t e s te d  u s in g  the  m o ire 'te c h n iq u e . A Comparison o f  these  r e s u lt s  
i s  p re sen ted  in  Chap ter V I . The d e t a i ls  o f  each case i s  g iv e n  below .
3 .8 .1  Skew S lab s  w ith  a i r  Edges S im p ly  Supported (F ig u re  3#22a)
L *Fou r skew s la b s  w ith  same r a t io  o f  —  and v a ry in g  skew ang leLy
were an a ly sed . When the  skew s la b  was d iv id e d  in t o  25 in t e r n a l  n oda l 
p o in t s ,  t h i s  gave 13 equa tio n s  f o r  s o lu t io n .  Fo r the same s la b  4 -9  > 
81 and 121 in t e r n a l  noda l p o in ts  were a ls o  used , w h ich gave 2 5 / 4 1  and 
61 equa tio n s  r e s p e c t iv e ly .  R e s u lts  f o r  the  case when the in t e r n a l  ' 
n oda l p o in ts  a re  2 5 > a re  rep roduced  in  ta b le s  (3*1) to  (3 .4)*
(1 )  R ec tangu la r S lab  ta b le  3*1
0  = o R a t io  o f  -/i = V 5
U .D .L . I n te rn a l n od a l p o in t  = 25
(2 ) Skew S lab  ta b le  3 .2
0 *  R a t io  o f  Lx/ L  - 1 . 5
U .D .L . I n te rn a l n oda l p o in t  = 25
b e a m F I G ;  3-22
(c ) T WO S K E W  E D G E S  S.S. R E M A IN IN G  TWO E D G E S  
S U P P O R T E D  ON E L A S T I C  B E A M S  '
(b) TWO S K E W  E D G E S  S .S .  R E M A I N I N G  TW O  E D G E S  '. F R E E  /
■____ c - Lx ________________________________ •- - -
IT !  ITT1TTT  
(a ) A LL  E D G E S  S IM P LY S U P P O R T E D
62
(3)  ' Skew S lab  ta b le  3*3
/  = 30° R a t io  o f  L  / L  = 1 ,5
tj
UoD.L. I n te rn a l noda l p o in t  = 25
(4 ) Skew S lab  ta b le  3 .4
/  = 45° R a t io  o f  l A  = 1 .5Jt jr
U .D .L . I n te r n a l n o d a l p o in t  = 25
3 ,8 .2  Skew S lab s  S im p ly  Supported on Two O pposite  Skew S ide s  
and f r e e  on Two Rem ain ing S id e s  (F ig u re  3*22b)
Fou r skew s la b s  w ith  d i f f e r e n t  r a t io  o f  L .X  and v a ry in g  skew
L y
ang le  were an a ly sed . When the skew s la b  was d iv id e d  in t o  35 in t e r n a l  
n oda l p o in t s ,  t h is  gave 18 equ a tio n s  f o r  s o lu t io n .  F o r the same s la b  
63 and 99 in t e r n a l  n oda l p o in ts  were a ls o  used , w h ich  gave 32 and 50 
equa tion s r e s p e c t iv e ly .  R e s u lt s  f o r  the case when the in t e r n a l 
noda l p o in ts  a re  6 3 , a re  reproduced  in  ta b le s  (3*5) to  (3*8),
( i )  Square S lab  ta b le  3*5
f t  » o R a t io  o f  Hx/ L y  <* 1
U .D .L . I n te rn a l Noda l p o in t  = 63
( i i )  Skew S lab  ta b le  3*6
X  = 15° R a t io  o f  Lx/ L  = 1 .0 7
XJ.D.L. I n te rn a l Hoda l p o in ts  = 63
( i i i )  Skew S lab  ta b le  3 .7
x  “  30° R a t io  o f  Lx / L  = 1 .34
U .D .L , I n te rn a l n od a l p o in ts  « 63
63
/  = 45° R a t io  o f  L / l  » 1.53x  y
U .D .L . I n te rn a l n oda l p o in ts  = 63 
3.8-3 Skew S lab s  S im p ly  Supported on Two O pposite  S id e s  and 
Supported on E la s t i c  Beams.on rem a in ing  two S id e s  ( f ig u r e  3*22c)
Two skew s la b s  f o r  t h i s  case were an a ly sed . The assum ptions 
f o r  s la b  and beam in t e r a c t io n  a re  s e t  ou t in  s e c t io n  (3A*2).  These 
two cases were ag a in  so lve d  f o r  d i f f e r e n t  mesh s iz e s .  The. number o f 
equa tio n s  ob ta in ed  f o r  s o lu t io n  a re  s im i la r  to  oases g iv e n  in  s e c t io n  
(3 .8 .2 ) .  . R e s u lt s  are  g iv e n  in  ta b le s  ( 3 .9 )  and (3 .10 ) .
( i ) Square S lab
fS « o R a t io  o f  L  /L  4 1 E jJ b  85 2.21
*  y  c D -
U .D .L . I n te rn a l n o d a l p o in ts  = 63
( i i )  Skew S lab
** 45° R a t io  o f  L  / L  « 1 .414 E h lb -  2 86
x y C D
U .D .L . I n te rn a l n oda l p o in t  « 63
3 .9  A n a ly s is  o f  E r r o r  i n  F in i t e  D if fe re n c e  Method
There a re  two d i s t in c t  types o f  e r r o r  | 2 2 j .
( i )  D is c r e t iz a t io n  e r r o r
( i i )  R ound -o ff e r r o r
D is c r e t iz a t io n  e r r o r  i s  due to  the b a s ic  assum ption  o f r e p la c in g  
the- con tinuous prob lem  by d is c r e te  p o in t s .  The ro u n d -o f f  e r r o r  stems 
from  the  f a c t  th a t  the d is c r e te  equa tion s  a re  no t so lv e d  e x a c t ly .
( i v )  Skew S la b  t a b le  3*6
6 4
The machine s o lu t io n s  a re  o n ly  con tinued  u n t i l  th e re  i s  no change 
to  a c e r t a in  number o f  d ec im a l p la c e s .  These two types o f  e r r o r  a re
dependent upon the mesh s iz e .  When the mesh s iz e  decreases the
d is o r e t iz a t io n  e r r o r  becomes s m a lle r .  On the o th e r hand the ro u n d -o f f  
e r r o r  in c re a se s  w ith  d e c re a s in g  mesh size# The optimum mesh s iz e  f o r  
d i f f e r e n t  problem s cannot be p re d ic te d  beforehand. M a them atica l s tud y  
o f  these  e r ro r s  i s  s t i l l  i n  a c t iv e  development.
One method o f  o b ta in in g  a c lo s e r  app rox im a tion  to  a f i n i t e
d if fe r e n c e  s o lu t io n  w ith ou t r e s o r t in g  to  la rg e  number o f  a lg e b ra ic
e q u a tio n s , i s  the use o f  v a r io u s  e x t r a p o la t io n  fo rm u la e . Care i s
needed in  t h e i r  p rope r use,  A b r ie f  d is c u s s io n  o f  e x t r a p o la t io n
fo rm u lae  was g iv e n  by Sa lvador!^ ? 3 "j . He showed th a t  the e r r o r  in  the
A  —  2
s o lu t io n  o f  D p i s  h -  typ e . He made an in t e r e s t in g  com parison
f o r  a skew s la b  o f  60° skew ang le  and equa l s id e s  w ith  u n ifo rm  norm al 
lo a d in g .  The s la b  was s im p ly  supported  on a l l  s id e s .  T h is  prob lem  was 
so lv e d  by  Ehasz |24~| u s in g  t r ia n g u la r  network and by Pavre j^20j u s in g  
skew co o rd in a te s . I t  was shown th a t  the v a lu e s  ob ta in ed  by skew 
co o rd in a te s  gave more a c cu ra te  r e s u lt s  than the t r ia n g u la r  netw ork f o r  
the  same mesh s i z e .
As p o in te d  ou t e a r l i e r ,  the  c a lc u la t io n s  in  each case f o r  the prob lem  
p resen ted  in  t h i s  t h e s is ,  was c a r r ie d  out f o r  d i f f e r e n t  mesh s i z e s .  T h is  
was deemed n e ce ssa ry  to  g e t an id e a  o f  the app rox im a tion  in v o lv e d  in  the 
f i n i t e  d if fe re n c e  s o lu t io n  o f  the prob lem  co n s id e re d , u s in g  skew • * . .
6.5
c o o rd in a te s . The e f f e c t  o f  v a ry in g  the mesh s iz e  on the d e f le o t io n s  
and the moments i s  p resen ted  in  Chapter VT©
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1 4 5 * 9 0 0 6 “ *3 4 * 4 4 4 “ 2 6 © 784 ~2 5 . 4 2 6 - 3
1 5 3 - 3 7 3 7 “ *3 2 * 6 5 2 ~2 4 0 4 1 8 - 2 7 «  59 2 ~ 3
. 16 0  o O O O O “ 53 2 * 3 7 5 ~2 - 2 * 3 7 5 ~2 “ i  *3 7 * “ 2
1 7 0 © O O O O - 5 2 6 ©929 “ 3 - 6  ©9 29 “  3 ■ — 4 © 0 01 ~3
18 0 © O O O O - 5 2 ~ 6 ffl 509 ~ 3 6 0 509 *~3 3 . 7 5 8 — 3
* 9 0 o O O O O - 5 2 ~ *  * 5*  * - 2 1 © 5 1 1 “ 2 8 . 7 2 5 - 3
20 0  © O O O O - 5 2 *"1 © 7 2 4 *-2 x © 7 2 4 - 2 9 . 9 5 5 ~ 3
MAX MI *
Poa 2 Poa 2 d e g .
4 * 0 5 7 - 2 x © 4 5 0 - 2 ” 4 1 0  2
4 © 0 2 9 - 2 3 * 4 9 9 *“*2 9 0 5
4  ©9 6 4 2 * 5 6 5 *™ 2 *“ 2 3  © 3
4 * 9 9  7 - 2 1 . 1 7 4 "  2  0 0 2
3 * 6 7 1 - 2 - 2 . 4 3 6 - 3
CO*0CO2
4 * 2 5 4 —2 <*•sj*
CQ005 ~ 2 X 3 * o
6 © 2 1  2 “ 2 4 * 4 6 2 - 2 - I  ©4
6 ®935 - 2 4 © 4 9 6 ~ 2 ~ * 4 ° 7
6 0 5 2 6 “ 2 3 o 2 4 2 “ 2 “ 2 2  0 4
4  © 8 09 - 2 1 * 1 2 0 ~ 2 “  3 0 * x
4  © 7 0 0 - 2 2 * 3 7 1 - 2 “ 2 0 * 3
6 . 9 0 4 ~ 2 4 0 3 2 4 - 2 “  1  2  © 4
7  © 6 0 6 “ 2 4 * 9 8 7 -“ 2 A O 0 6
6 09 04 " 2 4  * 3 2  4 - 2 “ 1 2 * 4
4 . 7 0 0 **"2 2  * 3 7 1 - 2 “ 2 0  ©3
2  © 7 4 3 - 2 ~ 2  © 7 4 3 *“ 2 “ 1 5 * 0
8 © 0 0 1 “ 3 - 8  © 0 0 1 *“ 3 “ X 5 * o
7 . 5 1 6 - 3 - 7 . 5 1 6 ~ 3 - I  5©°
1 . 7 4 5 - 2 - 1 . 7 4 5 ~ 2 “ i  5 ®0
x © 9 9 * - 2 — 1  © 9 9  * “ 2 - X  5 * 0
1 -5 a T A B L E
D E F L E C T I O N S  AND.. B E N D I N G  MOMENTS
L O A D I N G  U. oDoLo 
A N G L E  OF SKEW 4 5  
BOUNDARY C O N D I T I O N  ' S I M P L E  S U P P O R T  ON A L L  FOUR
P O I S S O N S  R A T I O  0 . 3 5  
L X / L Y  i o 5  ( p a r a l l e l o g r a m )
N O .  OF P O I N T S  2 5  ’
P O I N T  DEFLS© M M
X Y
P0 a A P0 a 2 R o a 2
D
I 2 0 029  i - 3 2 * 700 “ 2 2 . 3 8 2 —2
2 2 . 7 3 9 8 - 3 2 0 8 5 5 - 2 3 . 6 7 9 “ 2
3 2 . 4 9  36 “ 3 2 .  0 7 6 - 2 4 01 46 — 2.
4 . 1 © 6 6 2 7 ” 3 I  0 I  09 - 2 3 . 7 2 2 - 2
5 ^ 60 7 2 9  0 - 4 ' 3 °  5 7 3 “ 3 2 . 3 1 7 *~2
5 2 e 7 2 8 6 " 3 2 G 648 — 2 3 * 8 0 5 - 2
7 4 = 3 6 3 5 " 3 3 * 9 7 9 - 2 5 °  5 5 3 - 2
8 4 .  5 4 2 5 ~ 3 3 . 9 7 2 - 2 6 . 0 1 5 - 2
9 3 " 4 6 3 5 - 3 2 . 8 8 9 - 2 5 * 3 3 8 ' - 2
x o I • 6 6 9 O *“ 3 1 . 4 2  5 - 2 3 * 3 7 4 - 2
1 2 2 «49 I O ~ 3 2 . 2 0 0 - 2 3 . 9 4 2 - 2
12 4® 5 3  74 - 3 3 . 8 6 2 “ 2 6 . 0 2 8 — 2
73 5 . 3 0 4 8 " 3 4 . 4 7 I — 2 6 . 6 5 9 ~2
1 4 4 * 5 3 7 4 “ 3 3 . 8 6 2 - 2 6 . 0 2 8 - 2
1 5 2 . 4 9 1 0 " 3 2* 0 2 0.0 - 2 3 *9 42 - 2
x 6 0 . 0 0 0 0 - 5 2 2 01 3 7 - 2 - 2 . 1 3 7 - 2
7 7 0 oOOOO - 5 2 3 . 6 2 4 ~ 3 - 3  . 6 2 4 - 3
18 0 c OOOO - 5 2 - 8  0 401 " 3 8 . 4 0 1 “ 3
79 0 . 0 0 0 0 - 5 2 "“ A . 4 2 0 - 2 1 . 4 2 0 - 2
20 0 © 0 0 0 0 - 5 2 “ * i  © 29 7 - 2 1  © 29 7 - 2
1 3 .L
S I D E S
M
XY
V0 a2
M
MAX
P c q 2
n
M i  M
P 0 a 2
3 * 2 9 1 ~3
4 * 53 4 “ 3
8 . 1 3 6 - 3
9 *777 - 3
1 * 0 1  5 “ 2
2 * 73 7 - 3
5®9’ 2 5 ” 3
9 . 1  79 —3
1 * 2 4 3 - 2
1 « 3 0 2 - 2
9 . 5 8 7 “ 3
8 0 8 4 4 ” 3
8 0 8 3 6 - 3
8 0 8 4 4 “ 3
9 . 5 8 7 “ 3
• 6 0 6 2 5 - 1 0
1  . 1 2 3 - 1 0
2 . 6 0 4 ’ - r o
4 . 4 0 3 —1 0
4 . 0 2 0 - 1 0
2 . 8  9 7 - 2
3 e 8 8 0 - 2
4o427 —2
4  . 0 4 7 - 2cofr*0 - 2
3 . 8 6 7 - 2
5*752 - 2
6 *3  59 - 2
5 . 7 8 9 - 2
4 .  0 2 6 - 2
4 * 3 6 7 —2
6 . 3 4 3 - 2
6 . 9 7 1 - 2
6 * 3 4 3 - 2
3 6  7 ~ 2
' 2 * 1 3 7 - 2
3 0 6 2 4 - 3
8 . 4  c a - 3
1 . 4 2 0 - 2
1 . 2 9  7 - 2
2 * 1 8 4  
2 0 6 5 4  - 2
J o 7 9  4 “"2
7 = 8 3 9  - 3
- 7 = 3 3 6 “ 4
2 . 5 8 6  *“ 2
3 . 7 8 2  “ 2
3 . 5 6 7  ~ 2
2o438 ~ 2
7*737 " 3
I 0 7 7 6  - 2
3 . 5 4 6  - 2
4 . I 5 9  - 2
3 . 5 4 6  - 2
I o 7 7 6  - 2
- 2 . 1 3 7  “ 2
- 3 . 6 2 4  - 3
- 8 . 4 0 1  ” 3
—x © 4 2 0  —2
- 1 . 2 9 7  - 2
8
d eg .
- 3 1  • 7
— 2 3 * 9  
“*19  e I
— 7 8 . 4  
- 2  3 . 0
- 1 2 . 7
“- 7 8 . 5
— 2 0 . 6  
" 2 1 * 5  
—2 6  .  6
- 2 3 . 9  
- 1 9 .  6 
” 7 9 . 5 
- 1 9  . 6  
- 2 3 . 9
—o .  o
— Q .  O 
~O .  O 
- o  O o  
- o  o O
Y ! t
X
\
v
s
V
s
t  n5 10 15 20
A 9 14 19 s.
s
s
X
N Xs
3 8 13 18
2 7 12 17
1 6 11 16
TABLE 3-5
\e
r
\
\
\
\
D E F L E C T I O N S  a n d  b e n d i n g  m o m e n t s  
L O A D I N Q  U . D . L ®
a n q l e  o f  s k e w  o 
b o u n d a r y  c o n d i t i o n s  s i m p l e  s u p p o r t  o n  t w o  o p p o s i t e  s i d e s
o t h e r  t w o  s i d e s  f r e e  
p q i s s o n s  r a t i o  0 * 3 5  
L X / L Y  x ( s q u a r e ;
N O .  O F  P O I N T S  6 3
73
P O I N T  d e f l s .
PnCfr
D
2 6 © 2 3 39
2 5®6 550
3 5 * 3 6 6 8
4  5 * 2 5 1 5
5  5 . 2 2 0 4
6
7
8
9
XO
X I 
12 
x 3
x 4 
2 5
X O I
2 * 0 3 7 3  
9 . 8  798 
9 . 6 3 0 0  
9 . 5 5 4 0
x o 40 o 4
2 « 3477 
x ©2<j 3 5 
2 . 2  509
I .2409
2 6  2 . 5 7 7 2
2 7 2 -4557
2 8  1 . 3 8 6 3
1 9  x . 3 5 1 2
2 0  1 . 3 4 0 3
~3
- 3
~3
“ 3
” 3
- 2
- 2
- 3
- 3
“ 3
M
X
F 0a 2
5-742 
5-525 
5-423 
5-3 77 
5 * 3 6 3
^  ^3 A ^  
9 . 4 8 4  
9  . 2 9  7  
9  . 2 0 9  
9 . 1 8 3
—2
- 2
~2
—2
“ 2
“ 2 
— 2
“ 2
“ 2
- 2
2 . 2 3 0  — 2
2 . 2 8 6  - 2  
x © 2 6 2  j “I 
X.Z5I “ I 
2 . 2 4 7  *~2
1  © 3  2 2
2 . 2 6 6  
2 . 2  40 
2 .  2 2 7 
2 . 2 2 3
-2  
— 2 
- 2
Pod7
0 . 0 0 0  —52
7 - 5 0 7  “ 3 
2 . 1 5 2  “ 2 
I®353 ~ 2
1 . 4 1 5  - 2
0 . 0 0 0  - 5 2  
2 © 1 9  2 “ 2
2 . 8 8 6  - 2
2 . 2 4 8  “ 2
2 . 3 6 0  “ 2
0 . 0 0 0  *““*52 
2 © 4 2 7 —2
2 . 2 9 4  ,—2
2 * 7 5 5  ~ 2
2 . 8 9 9  “ 2
0 . 0 0 0  - 5 2  
2 . 5 0 2  “ 2  
2 . 4 2 5  “ 2
2 . 9 2 9  - 2
3.074 ~ 2
M
X Y
Po° 2
2 . 8 1 4  "“ 2
2 . 4 2 0  “ 2
7 . 7 2 8  - 3
3 * 3 6 6  “ 3
0 . 0 0 0  - 5 2
1 . 3 4 8  - 2
1 . 0 6 3  - 2
5 . 6 6 9  ~ 3
2 . 5 8 8  - 3
0 . 0 0 0  - 5 2
7 * 2 3 3  *"3
5 * 6 5 0  “3
3 - 1 5 3  “3
1 . 3 9 6  - 3
0 . 0 0 0  - 5 2
0 . 0 0 0  - 5 2  
0 * 0 0 0  - 5 2  
0 . 0 0 0  - 5 2  
0 . 0 0 0  - 5 2  
0 . 0 0 0  ” - 5 2
M
M A X ,
P0 a2
6  © 2 6 8  
5®92 5 
5 - 5 5 6  
5 - 4 0 5  
5 - 3 6 3
2 © 0 0 3  
9  © 6 1 8
9 - 3 4 3  
9  © 2 1 8  
9  . 2 8 3
2 * 2 3 4
1 © 2 8 9  
2 . 1 6 3
2 ©I 51 
1 . 2 4 7
' I . 3 1 2 . 
2 . 2 6 6
1 ©240 
2 . 2 2 7
2 . 2 2 3
M
m i n ,
P „ a 2 d e g .
“ 2 - 5 . 2 5 0 - 3 1 6 . 2
- 2 3 . 6 0 2 ”3 1 5 - 4
2 . 0 1 6 - 2 9 -9
- 2 2 © 3 2  5
— 2 4  ® 8
—  2 ' ' z . 4 2 5 - 2 0 . 0
- I - 1 . 8 1 3 “3 7 - 7
- 2 2 . 0 5 8 - 2 7 . 2
- 2 1  . 8 4 0 - 2 4 - 5
- 2 2  . 2 3 8 - 2 2  • !
- 2 2 . 3 6 0 - 2 0  # o
~ 2 - 4 . 2 2 3 - 4 3 - 3
— I 2 . 3 9 7 - 2 3  - 2
“X 2  . 2 8 3 — 2 2 ® 9
“ 2 2  - 7 5 3 — 2 0  ® 9
“X 2  * 8 9 9 —  2 0 . 0
“ 2 O e OOO “5 2 0 . 0
“I 1 . 5 0 2 ~2 0 . 0
“ 2 2  . 4 2 5 — 2 0 • 0
— 2 2 . 9 1 9 - 2 0 , 0
“ I 3 - 0 7 4 - 2 0. 0

PEFLEUTi ONS ANu BENDING MCMENTS
l e a d i n g  u . u . l . 
a n g l e  o f  s k e w V3 o
-V OONDI T ! ONS S I M P L E  S UP P O R T  ON TV/ ' OPPOS 
OTHER TWO S I D E S  FREE 
P O I S S O N S  dp.TI 0 0-3  5
L X / L Y  1 . 3 4  
NO,  OF KM NTS 63
r , n rrcj  c;it*. i ^  < t ' 9
K s f
D
1 I . 3 ' l fK  " 2
2 1 . 1 7 4 0  -  2
3 1 .0 7 *1  “ 2
.T l . r  ■* 7 - 2
j.  ^ ’ • .1.0 j
i «  r  *  :  5  ~  3
j  I . o K O  — 2
6  1 . 1 4 6 4  “ 2
9 1 . 1 9 8 3  ” 2
■y
1 0  2 « 5 3 5 5 “ 3
1 1  2 . 1 0 7 8  ~2
I  2 2 . 0 1 3 6  - 2
1 3  I  . 9 3 0 0  ~ 2
1 4  i  - 9' 1 3 5 “  2
1 5  2 - 9 4 5 7
1 O 2 a o i 7 2  2 
t  7  2 . t  2 2 3  ~ *  2
"2
1 9  3 . 2 1 8 4  “ 2 
2 o 2 . 8 & I O  - 2
2 I 2 . 6 4 0 5  “ 2
2 2 2 . <r 2 fc> / —2*r
2 3  2 .  4 9  5 1  —  2
2 4  2  .  5 3  2 8  - 2
25  2 . 6 3 3 9 2
2 . 7 9 7 2  —2
3 . 0 2 3 5 2
“ 23 , 3 7 3 5  
3 . O O 36 "*2
■ o 2 . 8  r r 7  — 2- * j   ^ 7
5 : 2 . 7 3 7 5  - 2
j  2 2 . 6 9 9 3  - 2
33 0. 0000  “ 52
3 4 0.0000  “ 5 2 .
35 o .0000  ” 52
36 o . c o o o  ~ 5 *®*
37  0. 0000  “ 5 2
38 o ,  0000 "*52
39 0 , 0 0  00  *“ 5 2
M
x
P o ° 2
M
V
i
■ p o a
2
8 . 0 2 7 ”  2 8 .  0 0 0 —  c  2J
5 - 7 2 0 —  2 2 . 8 7 9
- - ■—  2
<  o  "  0  1
J  J  T
—  2
3  *  2 4 0 52
5 . 8 4 2 ”  2 2 . 9 3 4
_  2
6 . 1  0 9 —  2 2  0 4 4 2 —• 2
6 . 2 2 4 ~  2 1 . 8  7 8 p~  2
5 , 0 9 1 ~ 2 1 .  2 6 7 2
5 - 5 7 3 —  2 6 .  2 6 0 * * 3
4 - 4 3  8 —  2 0 * 0 0 0 ~ 5  2
1 .  4 4 0 “ I o . c o o ~ 5 2
1 . 2 2 0
_ I 2 . 5 1 6 • • “ 2
1  •  1  0 8 “ “ I 3  -  9 1  2
” 2
1  •  0 6 9 ”  I 4 - 3  4 9
“ 2
1 . 0 6 2 " I 4 . 1 8 9
—  2
1 . 0 6 0 “ I 3 - 6 3 3
—  2
1 . 0 4 5 “  T 3 . 7 6 2 - 2
1 * 0 0 0 “ I 1  .  5 7 6 - 2
9 . 0 6 1 ” 2 0 . 0 0 0 — C 2j
1  ,  6 5  4 “ I 0 . 0 0 0 " 5 . 2
1  .  5 3 1 “ I 2 . 4 3 2
- “ 2
1 .  4 3  5 “ I 4 . 0 6 3 “ 2
1 . 3 8 1 ” 1 4 . 8 9 8 ” 2
1 . 3 0 1 ----T 5 . 0 3 c ” 2
1 . 3  ° i  ’
—  T
4 . 5 7 4
” 2
1 . 3 ° 5 " I 3  -  5 9  6
“ 2
. 1 - 3 5 °
”  T 2 . 0 9 6 ” 2
I  .  3  I  4 “ I 0 . 0 0 0 " J  2
I .  5 8 0 “ I 0 . 0 0 0 “ 5 2
I . 5 5 5 “  T 2 . 3  4 3
" V
1 = 5 1 2 " I 3 . 9  7 9
h
I  .  4 7 9 “ I 4 . 9 5 1 ?
1  =  4 0  7 “ I 5 . 2 7 2
“ 2
“ 4 * 2 9 3
~ 2 4 . 2 9 3 “ 2
~ i . 7 « 3 * “  2 1  .  7 8 3
“ 2
" 4 - 9 7 5 ” 3 4 . 9 7 5 “ 3
2 . 0 0 8 " * 3 “ 2 . 8 6 8 * ■ 3
7 . 8 3 5 ” 3 “ 7 - 8 3 5 " 3
I  .  I  4 4 —  2 “ 1 . 1 4 4 “ 2
I  •  3 4 3
” 2 ~ i . 3 4 3 “ 2
PDa 2 P o © 2 P o q2 d e  g.
3 » 7 0 0 - ~
*-• , 0 8 4 ' 2
j *9 a -
- » 0 3 0 2
» 1 2  5 ~ 2
- * 5 V 4 2
* * O tj.‘+ 2
*T 0 *5 9 2 j
i  »°£  5 j
8 . 2 C 2 _
 ^• £ 5 7
O .T
5 0 71 *
4^.« 7  ^+ -
4 . 0 1 / 2
3 . 3 6 2 "2
2 .  6 6 x - 2
1 .  7 6 7 2
I c I ^ 2 2
6 . 6 2 8 2
6 . 1 46 2
5 . 9 6 3
5 . 6 1 2 “ 2
5 . . 1 9 1 “ 2
4 - / 2 7 ~ 2
4 . 1 3 8 2
3 - 3-ip ~ 2
2 . 8  O't, — 2
4 • / 4 f • " 2
4 . 6 3 5 2
5 • 3 2 3 “ 2
5- 53 1 “  2
5-  5 S. 4 • “ 2
2 • 47 9 “  2
1 . 0  29 “  2
2 . 8 { 2 “ 3
' 1 - 5 4 0 ~3
“4* 5 2 3 “ 3
- 6 . 6 0 5 " 3
’ 7 . 7 5 4 "3
1 • -> j V
1 - 0 5 5
r> ^
2  *  2  4  0
"7. r  7  C / • 5 /u
7 . 0 8 2
6 - 73 4 
6 . 3 0 7
5 . 6 1 2  
I 4 - 4 4 4
• j
.  4 .
; J )
! 1 . 1 9 6
1 _ T o rI
I  . 0 3  7 
V . 208
~ » 7 / d 
i  .  7 1 0  
! . 6 5 2 
1 . 6 0  6  
1 * 5 0 3
• + 0 J X T 
1 ■ - i o K j
f T 7
1 I . 3 . 4
11
j 1 • 7 1 7 
; : - 7 1 j  
1 , 7 2 5  
I « 7  ^ j ■ 
i  • 7 i  7
4 - 9 5 7  
3 . 0 5 9  
5» 7 4 5
j  • OuO
! 9 - 0 4 7  
I  . 3  3 l
1 * 5 5 1
-5 . 5 6 s
' 1 . 0 4 6
2 . 5 8 8  
1 « 1 9 9  
1 . 4 6 9
1 . 3 6 8  
1 . 0 5 2
5 . 8 8 2
' 6 . 3 9 0
■3 . 7 6 0  
‘ 1 . 0 3 6  
7 .  4 0 5  
I * 79 7
2 . 2 5 8
2 „ 2 7  -  
°  '  J
i  - 9 3 1  
1  « 2 1 3
•2 ° p
•2 . 9 6 6  
1 «3 2 x 
2 . 1 8 9  
2 . 5 8 6
52 - c 53
5 o u / 0
/«»
I o <
31  I
6 t 6 
p
4* 4' 
2 . 463
2 . 6 7 3
■4 - 9 5 7
- 2 . 0  59
■5 - 7 4 5
■3 . 0 8 0
9 . 0 4 7  
' I  . 3 2 l  
’I - 5 5 I
~ 2 
“  2 
~3
~ 2} 
~  2 
“ 2 
~ 2  
~3
“ 5
— 2
—  2
“ 3
—  2
~  2
—  2
66 —
-.a; 
- 2  
‘ 2 
' 2  
* 2 
‘ 3 
'3
'3
■2
-  2
S 2 . D 
3 8 . 4 '
3  ° . 9  
3  1 •  4
2 4. 0
1 8 .  o 
i i  = 7
5 . 0
” 2 . 2
2 4 - 5 
2 7 .  4
2 9 . 0  
2 5 , 2  
2 i*. 7v '
2  2. 0 
t 7 . 7
1 9 * 4
2 T 7
2 4 « 7
- 1 , 9
2 V . o 
■1 5 * 0  
■I 5* 0 
•1 5 . 0  
■1 5 . 0
•1 5 . 0
15 * 0
‘1 5 . 0
D E F L E C T I O N S  A N D  B E N D I N G  M O M EN TS
L O A D I N G  U . D . L .
A N G L E  O F  S K E W  45 
B O U N D A R Y  C O N D I T I O N S  S I M P L E  S U P P O R T  O N  TWO O P P O S I T E  S I D E S
O T H E R  TWO S I D E S  F R E E
TABLE 3-8
P O l  S S O N S  R A T I  0 
L X / L Y  1 . 5 3  
N O .  O F  P O I N T S
P O I N T  D E F L S .  M
X
I
Pq C^
D
2*4333 ^3
P 0o 2
5*373 "+22 I*o66o *+2 2*692 “ 2
3 9.3584 -3 3*3°3 *2
4 9.109s “ 3 4*290 — 2
5 9.3981 -3 5*022 + 26 9*9935 “ 3 5*356 + 2
7 1*0747 *^ 2 5^2051 + 28 I. 1513 -2 4*460 — 2
9 2i»2226 ~2 3*627 + 2
20 2*6413 ““2 1*2 78 -I
12 2*082Iy ®+2 8*822 *r2
12 2*7954 ^2 7*586 + 2
23 1*6906 “ 2 7*542 r»2
24 I*7032 r“2 7*933 +2
25 2 *7956 +2 8*307 — 226 2*9424 . r“2 8*366 r-2
27 2*2295 +2 7*856 -228 2*2984 +2 6.563 + 2
29 3.3556 h 2 1*364 - I20 2*7799 r*2 1*202 — I
22 2*4247 +2 2.065 - I
22. 2*2352 r*2 2 * OOI -2
23 2*2065 — 2 2 *ooo -224 2*3022 +2 2 *034 -2
25 2*4989 +2 2 *072 -226 2*7787 +2' 2*075 - 2
27 3*I092 r-2 2 ,006 -2
28 3.4984 h 2 2 *270 — 2
29 3*0193 r-s 2 *240 -2
30 2*6654 +2 s .265 -2
32 2*4531 +2 2*202 - 2
32 2 * 3 8 2 9  — 2 2 . 0 7 7 - 2
33 0*0000 — 52 -6*744 - 2
3 4 0*0000 —52 - 2 * 202 +  2
35 0*0000 — 52 5 * 3 8 8 “*4
3 6 0*0000 -52 2 . 1 9 9 -2
37 0*0000 — 52 2 *829 +  2
3 8 0 * 0 0 0 0  —5 2 12*060 +  2
39 0 * 0 0 0 0  - 5 2 2 * 8 7 0 r- 2
0 . 3 s
6 3
M M
Y  X Y
poa 2 p-0a2
o.ooo — 52 I 156 -1
4*297 -2 . 6 61 5 r-2
4*234 r-2 4 003 ” 23*303 +2 ’ 2 946 . r* 2
2*322 “ 2 ' 2 46 5 -2
2*457 *r 2 1 969 -27*611 -3 1 462 -2
2*658 -3 8 214 “ 3o.ooo — 52 -1 839 “ 3
o*ooo -52 z 155 -13*502 r-2 8 634 -2
5*299 r-s 6 887 -2
5*532 *2 5 591 -24.925 +2 4 753 -23*906 r-2 4 072 -2: 2*688 r-2 3 292 -2
1*377 r-2 : 2 261 -2
0*000 -52 1 214 -2
0*000 -52 9 0x6 -23*088 — 2 8 015 -2
5i294 r-2 7 701 - 2
6*325 r“2 7 069 -26^298 r-2 6 490 ±2
5.458 -2 5 953 -24*025 — 2 5 252 -22*175 -2 4 266 -2o*ooo — 52 3 380 • -2
0*000 — 52 6 080 -2
: 2*711 r-2 6 243 - 24*856 r-2 6 919 - 2
6*237 r-2 7 108 - 26*710 — 2 7 128 - 2
6.744 "r 2 2 091 “ 9: 2*102 *r 2 • 6 5x6 -x 0
-5.388 -4 -I 670 — 11
-1 .I99 . r-2 “ 3 716 -10
-2*829 r-2 ~5 6 6 8 -10
— 2*o 6o r-2 - 6 385 -10
- 2 * 8 7 0  + 2 - 5 799 -10
M IN .
P o a 2
X 4 5 6 - 1 “ 9 X84 —2 3 8 *5
X 026 — I ~ 3 1 6 9 — 2 - 4 2 . 5
7 7 9 9 - 2 +  2 6 1 9 - 3 - 4 1 . 7
6 783 —2 8 ° 9 3 ~ 3 40*2
6 429 . —2 9 I 23 *“ 3 3 6 * 3
6 x 77 - 2  - /*U 363 - 3 2 2 . 6
5 643 - 2 3 230 • 3 16  • 7
4 625 r-2 1 1 0 7 - 3 x o *  7
3 038 — 2 —1 I X 4 - 4 “ 3 * 5
1 886 — I ~ 7 078 —2 3 2 - 5
X 5 2 0 - I r-2 87 2 r-2 3 6 * 4
X 3 4 2 I " "5 385 - 3 4 0 * 3
X 222 - x 8 5 <5x ~ 3 3 9 * 9
X 2 41 — I 2 4 4 4 r-2 3 6 * 2
I 6 7 3 - x X 478 r-2 30 * 8
9 87 4 r-2 X 2 80 “ 2 2 4 . 6
8 5 6 7 r-2 6 662 “ 3 2 7 - 5
6 7 8 1 - 2 +  2 2 72 “ 3 1 0 . 1
X 8 X2 . - x “ 4 486 “  2 2 6 . 4
2 673 - 2 —2 622 3 0 . 4
X 623 - I - 1 8 l 6 - 3 3 5 * 4
2 5 4 7 - I 8 639 “ 3 3 7 * 7
I 490 —x X 40 2 —2 3 7 * o
I 4 3 4 - I X 466 r-2 3 3 * 8
X 360 - x X 2 4 3 r-2 : 2 8 * 7
I 244 —x 4 849 “ 3 ■ 2 2*2
2 109 \!
— X O3O r-2 1 7 * 6
X 5 2 4 ~ I - 2 4 4 2 r -2 ■ 22 *9
X 5 46 - 2 “ 3 460 “ 3 ■ 26 ® X
X 5 9 6 — 2 5 464 ~ 3 3 2 . 9
2 6 1 2 - x X 225 r-2 3 5 * 7
X 625 - I X 328 +  2 3 7  • 1
6 7 4 4 +  2 —6 744 r*2 —o *o
2 202 - 2 —2 102 “ 2 - 0*0
5 388 “ 4 ~ 5 388 - 4 —0*0
X 299 r-2 — 2 1 99 r-2 —0 . 0
2 829 +  2 —x 829 +  2 —0 . 0
2 060 +  2 r-2 060 — 2 - o . o
1 870 +  2 - X 870 +2 —0 . 0
)•j «,
i ' ‘ 
k i
!\ i j'
a.
Y t
t-t
/
/
/
/
/
/
'4 8 12
3 7 11
X
X
X
v  X
X
2 6 10
rr 1 5 9
TABLE 3-9
' b e am
\g
r
*\ -
\
\
\
d e f l e c t i o n s  a n d  b e n d i n g  m o m e n t s
L O A D I N G  U o D g L o  
a n q l e  o f  s k e w  o  
B O U N D A R Y  c o n d i t i o n s  S I M P L E  s u p p o r t  o n  t w o  O P P O S I T E  s i d e s
o t h e r  t w o  S I D E S  S U P P O R T E D  O N  B E A M S  
P O I S S O N S  R A T I O  o * 3 5  
L X / L Y  2 * 0 0  H= 2 o S I
N O ®  O F  P O I N T S  3 5
P O I N T  D E F L S
Po a
M
P0 ° 2
D
n
Poa ‘
' M
XY
Poa2
1 9 08282 - 4 8 * 50. 7 “ 3 O 0 OOO - 5 2 “ 2 * 7 1 7 - 2
2 1 08673 - 3 2<>408 y - 2 2 *706 ~2 "  J. *  4 6 2 —  2
3 2 0478 7 “ 3 3 - 2 5 7 2 * 3 9 6 ~2 "8  o i 51 ~3
4 2 0692 4 ' - 3 3 - 5 S 7 ” 2 2*584 - 2 0 o b o o - 5 2
5 106935 “ 3 2*432 ~2 O 0 OOO " 5 2 " 9  o i 62 " 3
6 3*262  3 “ 3 3- 563 “ 2 . 2 0628 ~2 - 7*888 - 3
7 4 * 1 9 1 9 ~ 3 4*836 ~2 3  0802 "*2 - 4*487 " 3
8 4 - 5 5 4 7 5 o 256 “ 2 4*232 - 2 0 cOOO “ 52
9 2 °9 5»  3 “ 3 1 *629 “ 2 0 ©OOO " 5 2 0 ©OOO " 5 2
10 306288 “ 3 3*912 - 2 2*920 *=>2 0 0 0 0 0 -5 2
11 4 *  7 9  56 “ 3 5*306 "* 2 4 ©262 “ 2 OoOOO " 5 2
12 5*2209 - 3 5 - 7 7  2 “ 2 4*644 ~ 2 0  © O O O “5 2
M
M A X *
Pog 2
2 OO - 2
3 - 5 6 0 - 2
3 - 7 4 6 - 2
3 * 5 2 7 - 2
2 0 8 7 8 ~2
4 * 0 1 2 - 2
5 - 0 0 3 - 2
5 - 2 5 6 “ 2
I * 6 2 9 - 2
3 * 9 2 2 “ 2
5 * 3 0 6 ~ 2
5 * 7 7 1 —  2
M  B  M O M E N T  I N
M I N ©  E D G E  B E A M
P 0a 2 d e g .  p ’0a 2
i  0 3 4 - ■=•2 " 6 3 * 4 2 0 6 2 2  - I
5-535 " 3 " 6 4 0 3
1 * 9 0 5 ~ 2 “ 43-4
2 * 5 8 4 “ 2 0 * 0
•4 * 4 7 0 “ 3 - 3 2  *6 2 * 6 9 9  —2
2  ©i 79 -2 " 4 0  * 2
3 - 6 3 4 " 2 " 2 3 * 5
4*1 3 2 “ 2 0 0 0
0 * 0 0 0 “ 5 2 0 * 0 3-073 .
2  ©9 20 “ 2 0 0 0
4 * 2 6 2 “ 2 0*0
4 * 6  44 “ 2 0 0 0
d eflectio n s  and bending  moments t a b l e
LOADING U .D .L .
ANGLE OF SKEW 45 
BOUNDARY CONDITIONS S IM PLE SUPPORT ON TWO OPPOSITE SIDES
OTHER TWO S ID ES SUPPORTED ON BEAMS 
POISSONS RATIO  0 . 3 5  
L X /L Y  1 . 4 1 4  H” 3 .86
NO. OF POINTS 63
PO IN T D EFLS.
p ^ o f
M
Poa '
M
Poa ‘
M
XY
P0 a 2
I 1
D
49*3 - 3 8 446 “ 3 0 000 - 5 2 - 8  *496 “ 3
2 2 1985 - 3 2 519 —2 z 500 “ 2 1 . 9 8 3 “ 3
3 2 5350 - 3 2 670 - 2 2 ,438 “ 2 5 . 965 “ 3
4 2 5670 -3 2 256 - 2 3 0 0 6 ~ 2 8 . 0 0 6 “ 3
5 2 3749 - 3 I 690 - 2 3 20 4 - 2 8 .  99 6 — 7O
6 3 0468 1 1 68 2 995 “ 2 9 *360 “ 3
7 I 6909 7 072 s* *•353 9*135 ^3
.8 z 4088 -3 5 750 “ 3 1 3i i - 2 8 . 0 0 7 “ 3
9 • z 2934 “ 3 4 603 “ 3 0 000 " 5* 8 .6 0 8 - 3
10 2 6838 “ 3 1 319 - 2 , 0 000 “ 5* 4 . 9 3 2 “ 3
x 1 3 6868 “ 3 2 99 7 - 2 2 671 - 2 8 . 0 9 5 “ 3
12 4 4231 ” 3 3 907 “ 2 4 047 - 2 9 . 7 0 3 “ 3
13 4 7052 -3 4 025 - 2 ,4 720 - 2 z . 1 8 9 ’’* -2
14 4 5472 -3 3 623 - 2 4 875 - 2 2 - 35* - 2
25 4 0550 " 3 2 9 49 — 2 - 4 515 ~ 2 2 *447 — 2
16 3 3947 “ 3 2 195 - 2 3 588 ~ 2 1 . 4 7 9 — 2
1 7 2 7763 “ 3 1 495 — 2 2 064 - 2 1 .  408 - 2
18 2 i|22^ “ 3 9 060 “ 3 0 000 - 5 2 1 .441 - 2
19 3 4055 “ 3 1 526 - 2 0 000 “ 52 1 . 2 9  5 - 2
20 4 4408 “ 3 3 082 “ 2 3 027 - 2 1 . 3 6 3 — 2
21 5 4 243 “ 3 4 262 - 2 4 806 “ 2 2 -332 ~2
22 5 9 9 8 4 “ 3 4 828 - 2 5 685 - 2 1 . 4 1 7 - 2
23 6 0369 “ 3 4 77o 5 9 0 0 “ 2 2 . 5 2 5 “ 2
2 *4 5 5737 “ 3 4 207 “ 2 5 508 - 2 z . 6 1 8 - 2
25 4 7639 ” 3 3 314 - 2 4 444 “ 2 1 . 6 9 0 - 2
2 6 3 8688 “ 3 2 282 - 2 2 6x5 - 2 z . 7 1 1 - 2
27 3 229 7 “ 3 1 271 - 2 0 000 “ 52 1 . 7 3 2 “ 2
28 3 58 39 “ 3 z 495 — 2 0 000 -52 1 . 6 9 0 — O
29 4 4746 “ 3 2 831 “ 2 2 9 5 6 - 2 1 . 6 8 7
30 5 5068 -3 4 027 - 2 4 884 - 2 1 0609 - 2
3i 6 2808 “ 3 4 852 - 2 ; 5 9 2 4 -2 2 . 5 7 2 . “ 2
32 6 5635 “ 3 5 144 — 2 6 247 ~2 r . 5 6 6 “-2
33 0 OOOO ~52 1 534 “ 2 — 1 534 - 2 “ 4*754 “ 1 O
34 0 OOOO “ 52 5 420 “ 3 “ 5 420 “ 3 — 1 • 680 " I O
35 0 OOOO “ 5* - 2 354 “ 3 2 354 “ 3 7 *2 9 9 “ I  I
36 0 . 0 0 0 0 - 5 2 “ 7 622 “ 3 7 622 “ 3 2 .363 “ I O
37 0 . 0 0 0 0 “ 52 — z 006 -“ 2 1 006 - 2 3 . 1 1 9 “ I  0
38 0.0000 - 5 2 “ 9 412 “ 3 9 412 “ 3 2 .91 8 - I  0
39 0.0000 “ 5* “ 5 8 4 7 “ 3 5
►CO• “ 3 I . 8 1 2 - 1 0
M
MAX.
ff0 a 2
I . 37I ~2 “ 5
i 1 2 . 5 5 6 - 2 z
;• i 3 . 1 6 2 - 2 1
I 3 . 5 1 5 - 2 z
1 j 3 . 6 2 3 “ 2 z
‘ 3 . 3 8 9 “ 2 7
I 2.773 - 2 3
; 1 * 8 2 4 “ 2 6
j j I *121
1 |'
1 . 4 8 3 - 2 — z
i 3 . 6 5 9 - 2 2
! 4 *9 50 - 2 3
; 5 . 6 1 2 - 2 3
* 5 . 7 3 8 - 2 2
i 5.378 ~ 2 2
; 4.527 - 2 z
. 3 . 2 X 6 — 2 3
| 1 . 9 6 4
i
“ 2 - z
I
[ 2 . 2 6 6 - 2 “ 7
] 4 . 4 Z 7 “ 2 1
i 5.893 - 2 3
: 1 6 . 7 3 7 - 2 3
i 6 . 9 6 2 - 2 3
j 6 . 6 0 1 “ 2 3
5 . 6 6 2 “ 2 2
4 * 16 8 —2 7
2 . 4 8 0 - 2 - 1
2 . 5 9 6 “ 2 - I
4 . 5 8 2 ~ 2 z
6 . 1 2 0 ~ 2 2
7 .0 4 9 — 2 3
7.356 “ 2 4
: 2*534 - 2 - I
j 5 . 4 2 0 “ 3 “ 5
! 2*354 “ 3 “ 2
i 7 . 6 2 2
i
“ 3 “ 7
j 2 . 0 0 6 “ 2 - I
! 9 . 4 1 2 “ 3 - 9
1 [ 5 . 8 4 7 “ 3 “ 5
M ' . 9
M IN .
Po g 2 d e g
264 “ 3 “ 4 5 . 2
462 —2 zz . 0
946 . - 2 6 8 . 8
747 - 2 - 4 6 . 9
272 - 3 “ 30.7
732 “ 3 - 2 7 . z
670 “ 3 “ 30.3
2 79 “ 47*4
609 o f  *9
640 “ 3 - 2 0 . 5
008 - 3 68 .  i
0 0 4 - 2 - 8 1 . 8
133 - 2 “ 59*7
760 — 2 “ 47
08 7 “ 2 - 4 2 . 7
257 - 2 “ 4 6 . 7
430 “ 3 - 6 8  . o
058 - 2 57.8
403 „ “ 3 4 0 . 3
691 - 2 8 7 . 7
2 75 - 2 - 6 7 . 8
777 - 2 . “ 5 8 . 8
708 - 2 - 53.4
12 4 ~ 2 “ 51 . 2
097 ~ 2 - 5 6 . 2
289 “ 3 - 7 9 . 0
209 —2 53.7
201 - 2 4 8 . 5
205 *“ 2 —8 5 . 8
792 “ 2 —62 » o
727 — 2 “ 55*7
035 - 2 “ 54*8
534 “ 2 “ 0 . 0
420 “ 3 - 0 * 0
354 “ 3 “ 0 . 0
622 “ 3 - o . o
006 “ 2 “ 0.0
4x2 “ 3 “ 0 .0
8 4 7 “ 3 “ 0.0
MOMENT IN  
EDGE BEAM
P0a 2 7  
3 . 3 3 4 "  - 1
3 - 6 4 5  - 1
3 . 5 0 3  - 1
4 . 2 1 5  " i
3 . 5 1 2  “ i  
4. 232  - 1
19
CHAPTER IV 
EXPERIMENTAL METHODS
Experimental study of structures has, reached a stage where
it is beginning to rival some of the analytical methods. In 
certain cases, like irregular slabs with holes, these methods are 
more effioient than analytical methods. Scale models as well as 
prototypes have been tested to obtain better understanding of the 
behaviour of structures. In general, experimental methods have been 
used for the following purposes,
(i) - For assessing new design methods.
(ii) For checking the analytical design of a given structure,
(iii) For designing a structure when theories to predict its 
behaviour are not available.
For assessing new design methods small scale models are used. 
Checking the analytical design of a structure, has been the most 
common form of experimental analysis. This is important In Some 
structures where delicate safety problems are involved, for example 
in the design of dams. The design of structures, where theories are 
not sufficiently developed is now possible with the development of 
reliable experimental techniques*
4*2 Experimental Methods Applicable to Slab Problems
While conducting experimental work on thin slabs in bending, the
4 * 1  I n t r o d u c t i o n
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quantities measured are strains, deflections, slopes and curvatures.
The interest is focused on the bending moments and stresses induced 
which can be obtained from the above measured quantities. Following 
methods have been used in the investigation of bending of thin slabs,
(1) Electrical and Mechanical Strain Gauges
(2) Photoelastic Method
(3) Direct Instrumentation (To Measure Curvature)
(4 ) Electrical Analogue Method
(5 ) Optical Method (Moire)
4*2.1 Electrical and Mechanical Strain Gauges
All kinds of extensometers and electrical resistance strain 
gauges have been used to find strain in a bent slab. Most commonly 
used are electrical resistance strain gauges. These are based on the 
relationship that electrical resistance of the sensitive element changes 
with the change in the mechanical strain. Temperature effects are very 
important in these gauges,
4.2,2 Photoelastio Method
This is based on the principle that certain transparent materials 
when subjected to stress, change their optical properties, The magnitude 
of change depends upon the strain in the material. This method is very 
useful for qualitative investigation, because it immediately showsany 
stress concentration. For a complete quantitative investigation, 
considerable effort is needed.
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An instrument has been developed which directly measures curvature 
in a direction when placed over a small length. One disadvantage of 
the method is that at or near the boundary of the slab no readings can 
be taken.
4*2.4 Electrical Analogue Method
This method was used for the investigation of the bending of skew 
slabs by Rushton M .  The basis of the analogy is that difference 
equations are written at mesh points. The algebraic equations are, then, 
represented by an array of resistances which act as an electrical 
model of the slab. Simple boundary conditions are represented easily 
but for other boundary conditions special devices are necessary.
4.2.5 Moire' Method
This is an optical method used to measure the slopes in a bent slab. 
In a slightly different form it can be used for measuring direct strains 
as well. Great success, in this method, has been achieved in recent 
years. This method has been used in this work for the experimental 
investigation of the bending of skew slabs. The method is examined in 
some detail below,
4.3 The Moire'Effect
Moire'effect is an optical phenomenon produced when two sets of 
black and white grid lines are made to interfere with eaoh other. This 
produces alternate light and dark fringes. Moire "^fringes are. loci
4 * 2 . 3  D i r e c t  In s t r u m e n ta t io n
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of pointshaving the same component displacement in a direction 
perpendicular to the grid lines of undisturbed reference array. The 
grid lines could be circular, radial or other geometrical figures. The
fringes could be produced in one of the following ways.
(i) Lateral shift of two sets of lines of different thickness 
(figure 4-i)*
(ii) Rotation of the two sets of lines (figure 4*2).
(iii) Rotation as well as lateral shift.
The first method has been utilised for strain measurements. It 
requires very fine grid for accurate results. Burelli 2^ 7*] and others 
jl2|have utilised the technique for the strain measurements. Lines up to 
500-1000 lines/inoh are not uncommon in practice.
The moire' method to be used and described here is that developed by 
Ligtenberg at Technological University, Delft, ' This does not
require as much accuracy in line density as for strain measurement.
The method is applicable to bending of slabs and gives the contour of 
slopes in a given direction.' By differentiating the slope c u r v e  once, 
curvatures and consequently moments are obtained.
A diagramatic view of the apparatus as used in the college 
laboratory, is shown in figure (4.3). If the unloaded and loaded 
states of the model are seen through the camera> due to the slope 
first point Q of the unloaded state coincides with second point R of
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th e  lo a d e d  s t a t e ,  on  th e  g ro u n d  s c r e e n  o f  th e  cam era . The d is t a n c e  QjR
with a small initial load first and then final load is applied and
photograph taken on the same negative. Distinct fringes are observed
on the photographic plate. Each successive fringe is a contour of
equal slope and differs exactly by d where d is the ruling of the
2 m
screen.
For a given flat shape of screen, it is found that the distance 
Qft is given by
For a field of view of n » .4m from the axis and taking v as a
cylindrical screen with radius, R » 3*5m, the error obtained in the
measurement of QJt by applying equation (4*2) instead of (4*1) is only
.3$# This is quite a small error*
The moire' method is a simple experimental device * for the bending
of thin slabs. It offers many advantages over other experimental methods.
The calculation of moments from the photographs does not take much time
and is straightforward. The making of models is simple and does not
%
require the elaborate precautions of photoelasticity* In one photograph 
the whole picture of the slab is obtained, so that it is specially suited
enables the value of < p "  to be determined. The model is photographed
(4.1)
2(n ) is a small quantity and if neglected gives,
(4.2)
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to various shapes of slabs and complicated loading cases. Here it 
has advantages over strain gauge techniques. The loading device 
is easy to handle,although greater care is necessary for applying 
uniform loading,
4*4 The Basic Moment Equations
From small deflection theory of bending of slabs, it is known 
that the following relations hold.
The moire'"method gives the contour lines of slopes called fringes.
so that has an interval of (d), B y  differentiating the slope curve
“fcx 2m
once curvatures can be obtained. This requires one differentiation so
that little error is introduced here. Taking reasonable care this error
may be minimised.to a large extent.
4.5*3. Determination of Slopes and Second Derivatives
The negative is placed in the enlarger and magnified to full scale 
of the model. The centre points of fringes are marked along the line
Mx (4.3a)
b x 2 by2
M
y
-D ( it + v  1  yr) (4.3b)
by2 b x 2
-D(l - v) (4.3c)
b x b y
If the ruling of the screen is parallel to y - axis C p  is identical 
with b  w . Between two oonsecutive fringes ?JR differs hy an amount d,
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where graph of slope is to be drawn. Choosing a suitable interval
a graph of w and y is plotted. Similarly, graph of V w  and x may 
b y  *t>x
beplotted. In fact, fringes give an idea of the distribution of
moments. . Closely spaced fringes show that the moments are higher.
To obtain 0 w and u  w various methods may be adopted.
V
(i) Graphical Differentiation
The curve of w and y may be graphically differentiated and
the values of 0 w are obtained from suitably chosen scale, figure
b  2(4.5)* This method is cumbersome and requires too much time, as eaoh 
curve needs differentiation separately. Usually a large number of 
curves are needed for the whole slab. In the present investigation 
this was not feasible.
(ii) The second method is much quicker and easier to apply. The graph 
of first derivative is obtained, figure (4-6). Using a divider
a tangent is drawn to the curve at the point where second derivative 
is needed and the value of tangent read off directly. In this method 
tangents are to be drawn at all the points when second derivatives are 
required. A little care is needed in this method to obtain reasonable 
values of the tangents. If the variation in the curve is too sharp in 
a certain region, it becomes difficult to find accurately the tangents. 
In the present investigation, it was found to be the quickest and 
reasonably accurate method for finding the second derivatives and was 
used throughout.
\ 
\
b w
b x
b2vv _  —  
“W ~  a
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(iii) Another simple method is where curve of first derivative is 
copied on a tracing paper. This curve is placed on the first curve 
and shifted unit distance in x or y direction. The values of second 
derivatives appear between the two curves, figure ( 4 * 7 ) * Tangents 
are still needed for the maximum values.
(iv) In simple cases, where the variation is not too large or abrupt, 
it is possible to fit in some algebraic curve. This has the added
advantage that the whole process could be programmed for a digital
computer. The coordinates of the points may be read off from the '
enlarger and these may, then, be fed in as data tape on the computer,
to fit in a suitable curve. Subsequently, the curves may be different 
-tiated and the values of second derivatives and moments printed out
directly.
4.5.2 Plate Rigidity
Equation (4*5) shows that moments M  and M  can be calculated, if 
^  *\ x y
the values of ^  y , b  w and plate rigidity D, are known. The
b  x 2 b y 2
curvatures are obtained as explained in section (4*5«l). The method
of finding D depends upon the procedure adopted. If the values of E
and v are known for the model material, D can be calculated from,
•D ** • ®ie mo ire''method may also be used for the direct determination
1 2(l-v2)
of D, Some theoretically known case is tested on the moire apparatus 
and the value of D is obtained from it. Following methods are
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speoially recommended for finding the value of D,
(l) Square Plate
A square plate, shown in figure (4*4) with the axes along the
diagonals, is a case of pure bending. M: and M  is constant everywhere
x  y
and M  is zero. In this case the fringes are parallel and equidistant* xy
If fringe spacing is S then,
d =_p s .la (4.4)
2 (llv) d
Variation of plate thickness h, is shown by irrugular and wavy 
fringes# Deflection should not be large,
(ii). Equilateral Triangular Plate
Simply supported equilateralttriangular plate may be tested 
for uniform normal load. This is a theoretically known case, and 
the value of D is calculated from this,
(iii) Circular Plate
. Fixed edge circular.plate with uniform loading may also be 
employed for the determination of plate rigidity D. The problem in 
this case,is to obtain the proper fixity at the edges.
The simplest and easily applicable method, to give reasonable 
result, is the square plate with point loads at the;, corners,
4*6 Apparatus (Figure 4*8) and Testing Procedure
The apparatus as used in the college laboratory, consists of 
the following.
( l )  R u le d  S c reen , (F i g u r e  4 * 9 )  w it h  a  H o le  f o r  Camera
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The screen is ruled alternate black and white lines. The 
line density is about 11 lines/in. It is mounted on a framework so 
that forward, backward and side movements are possible. The ruled 
screen can be rotated in a vertical plane and set to any angle. The 
screen is cylindrical surface, with a radius of 3-5m. The camera 
(Figure 4*10) is Zeiss Ikon Maximar Tessar 1:4*5t F  « 5*3 (objective) 
mounted behind the screen, to take the photographs.
(2) Mounting Arrangements for the Models
The models are generally tested in a vertical position. The 
loads are applied by a system of levers so that the load is transferred 
as a horizontal pressure on the vertical model. Sometimes, it is 
necessary to apply the load vertically. In that case a mirror inclined 
at 45° is used. In such a case exposure time for the photograph needs 
to be increased.
(3) Source of Light
This is provided by two "Colortran Line Lights" placed 
approximately at 30° to the screen. Each "Line Light” consists of 
six 200 watts lamps, arranged in vertical columns. The essential 
feature of the lighting arrangement is that the whole screen is lighted 
uniformly. This can be ensured by checking with a photometer* Care 
should be taken so that no direct light falls on the model. This Is
i  ’ ’very important. In fact, it might be desirable sometimes to shield 
the model to cut off all the direct light coming on to it. This might
Camera
Pig. 4.10 
The Moire' Apparatus
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The camera should not he disturbed during the two exposures
of the film. The apparatus is not very sensitive to screen distance *• 
from the model and the form of the screen.
4*7 Transfer of Model Moments to Real Structures and the
Effect of Poisson’s Ratio.
Generally the models are smaller than the p r o t o t y p e « The dimension 
of moments per unit length is that of force, thus the scale of total 
forces influence the magnitute of the moments. The scale of thickness 
and linear dimensions of the model may be chosen arbitrarily. The only 
requirements for choosing the model dimensions is that the model should 
behave within the elastic range during the test,
\\
If the Poisson’s ratio is not involved in the boundary conditions, 
moments can be easily transferred from the model to the prototype [»}•
In this case moments can be computed accurately by taking the plate 
rigidity, D, of the model in combination with the Poisson!s ratio, v, 
of the real structure. However, in many of the boundary conditions, 
as for example free edges, Poisson’s ratio enters the boundary conditions. 
In such cases slight error is introduced in transferring the model 
moments, to the prototype.
In reference ^iTj is given a formula for transferring moment from 
one value of Poisson’s ratio to another if boundary conditions are 
simply supported. This would be approximate if used for other boundary
n e c e s s i t a t e  an  in c r e a s e  i n  th e  e x p o s u re  t im e .
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conditions. This is discussed in greater detail by Robinson jl 
where error involved in such analysis is discussed.
\
CHAPTER V  
MAKING AND TESTING OF MODELS
The xrloire"method is an experimental procedure in which small 
scale models are needed. In the college apparatus a model with 
maximum'.dimensions of 2 ‘ x 2 ! can be tested* The choice of the 
size of the model is also . dictated by the model material. For testing 
the model on moire' apparatus, it is necessary that one side of it.be 
a reflecting surface. This requirement makes it difficult to use 
materials like brass, steel or concrete. It is possible to obtain a 
shining reflecting surface on brass but it is not free from fine 
surface scratchings. The best material available for use in connection 
with moire'' method is "black Perspex", The properties of Perspex are 
briefly examined as they orffect its testing by the moire^method,
5.2 Properties of Perspex
Perspex is a homogeneous and isotropic material. The modulus of 
elasticity of Perspex is low. This makes it easier to obtain 
measurable deformations. Perspex sheets may be easily machined using 
wood or metal-working equipment. For cementing Perspex components Tensol 
Cement No,7 may be used. This is a cold setting cement. The hardening 
time is about an hour.
The mechanioal behaviour of Perspex is affected by the temperature, 
creep and rate of straining. It is difficult to make allowance for
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different rate of straining in a model. The loads are applied slowly 
and the model is left in the loaded state for some time before recording 
deformations. This makes the creep effect larger as compared to the 
strain rate effects.
The value of Poisson's ratio of Perspex between temperatures -25°C to 50°C 
is 0.35*
(i) Effect of Temperature
o 5The modulus of elasticity of Perspex at 20 C is 4  . 4 2 x 10 p.s.i.
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The effect of temperature on flexural modulus is given in reference 
The one minute value of flexural modulus is given by the following 
formula [31].
H -
E = (5.26 - .042T) x 105 (5.1)
T = Temperature in °C
(ii) Effect of Creep
The effect of creep is to reduce the modulus of elasticity. In 
the initial stages when the loads are applied, large oreep takes place 
and then the rate of creep decreases. Therefore, the model is loaded 
and left for sometime before talcing the readings. I.C.l. i 5ii  gives the 
effect of creep at various temperatures in the form of graphs. An 
empirical formula, taking the effect of creep at 20° C and combining
with the formula (5 *1 ) is suggested ^3 2 ^  ,
E = (5 . 2 6  -.0 4 2 T) 105 ~ 93.000 log ( t  +  1 )  (5.2)
where t = time after loading in hours, 
t  4  1 hour
10
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The models, tested in this investigation, were *§■" and J5 " nominal
1 6
thickness. For -§■” nominal thickness of models, a creep time of 6
minutes was allowed. The average exposure time was 2-J- minutes. This .
gave an average creep time of 7*25 mins. For 3” nominal thickness of
16
models, the creep time was increased to 9 minutes and this* gave an 
average creep time of 10.25 mins. Using the equation (5-2) the value 
of E has been computed for the temperature range of 68°F to 8Q°F.,- which was 
the variation of temperature during the conduct of experiments for 
different models.
---------Temp.
oF
Creep Time 7 * 2 5  mins. 
E » e ^ x  1 0 5  p . s . i .
el
Creep Time 1 0 . 2 5  mins 
E « eg x  1 0 5  p.s.i.
e 2
68 4 . 3 7 4 . 3 6  j
7 0 4 . 3 2 4 . 3 1
7 2 4 . 2 8 4 . 2 7
7 4 4 . 2 3 4 .2 2
7 6 4 * 1 8 4 . 1 7
7 8 4 . 1 4 4 . 1 3
8 0 4 . 0 9 4 . 0 8
5.3 Making of the Models
The variation in the thickness of Perspex sheet is too great for
the purpose of slab models. In a full Perspex sheet a variation of 13^
was observed (.129 in. and ,112 in.). Fortunately, the size of models
were comparatively small*. As such, the models oouid be chosen from 
the Perspex sheet, in the region were thickness variation was not 
too sharp. In the present instance, it was also necessary to limit 
the deflection to one-third the thickness of slab, so that membrane 
stresses are not set up. This, in effect, limited the size of the 
models, when the thickness of the model was decided upon. For skew 
slab models, to -J-’1 thick Perspex was used. The thickness
of the Perspex sheet was measured at about one inch square interval.
The models were chosen from the region of full Perspex sheet where 
variation in thickness was not too sharp. For the models to
S^L^, maximum variation in thickness was limited to 3$. (•1 2 2 5 " and 
.1190").
For the skew slab models to J3" thick Perspex was used*
1 6
For this case, a maximum variation in thickness of 2.5$ (.1930" and 
.1885") was achieved. For models and a variation in
thickness of 2$ (.1205" and .1181’) was achieved. For calculation 
purposes, an arithematic mean of the thicknesses,from the readings 
for each model^was used.
The models were filed to reasonably close tolerance. For the models 
S ^ i  and S10L1 the beams were also filed but there was some variation 
when the two parts were cemented together. A n average of total thick­
ness was taken again. The assumptions, set out in section (3.1*2), 
for beam slab interaction, do not take into account the rigid connection 
between the slab and the beam. The simulation of theoretical condition
100
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could not be achieved and the beams and slabs were cemented together.
This affected the structural behaviour, as shown later on.
5.4 Details of the Models
The models were made in three different types, depending upon
the boundary conditions. These are briefly described below.
5.4.1 All Edges Simply Supported
thick Perspex was used for this case. In total four models
were made. The essential dimensions of the four models are shown
in figures (5*1) to (5*4)* The actual models were made •§■" bigger
on all sides. This was necessary so that they could be supported
on the timber framework. The basic dimensions of models were 9" x 6"
with skew angles 0°, 1 5 °, 3 0 ° and 45°•
5.4*2 Two Skew Edges S.S. Other Two Edges Free.
It was not possible to use -g11 Perspex for the models in this
case, because this necessitated very small size of the models. As a
result of this thick Perspex sheet was used. The essential 
1 6
dimensions of the four models are shown in figures (5*5)to(5*8),
These models were chosen with different ratio of sides. The simply 
supported edges of the models were carried •§■" beyond the centre 
of the supports. The free edges where carefully filed to size. The 
skew angles were 0°, 15°, 30° and 45°*
5.4*3 Skew Edges S .S .  Other Two Edges Supported on Elastic Beams
These models were made in •§,f thick Perspex. The essential
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dimensions are shown in figures (5*9) and (5*10). The size of the 
beam chosen has marked effect on the structural behaviour of the 
slab. It is neither too stiff nor too flexible. The simply 
supported edges of the slab were carried ■§" beyond the centre of 
supports. The remaining two edges were filed and the beams were 
cemented to it. The beams, because of their monolithic connection, 
offer torsional restraint to the slab. This has a marked influence 
on the behaviour of the slab. The two models, with skew angles 0° 
and 45°> were made.
5.5 Loading of the Models (Figures 5*13)
The models were supported on timber framework, figure (5.1l).
For each skew angle a different framework was necessary for the 
models S^L^ to S^L^. The models S^L^ to SqL^ had the perpendicular 
distance between two supported edges as 6", so that these four models 
were supported on one of the timber framework of case to S^L^
Two more frameworks were made for the cases and S^o^l* ® le
frameworks were made for aotual supported dimensions of the models. 
For simulating a simply supported edge, a thin round steel or brass 
wire of -J-" diameter was used. This wire was glued to the edge of the 
framework with "Bostick". The models were rested against these wires 
while testing. The only difficulty with this attachment is that 
it does not prevent the model from lifting up at the corners, which 
is known to occur for the rectangular slabs. For skew slabs no one
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concentrated reaction occurs at the corners M -
The timber framework was first planed and wires fixed toit.
The level of the supports were checked by spirit level. When the 
models were rested against.the supports and the.loads applied, even 
slight difference in level could be noticed from light coming 
through the models and supports. This helped in locating if there 
was any large difference in the level which could, then,be rectified.
In general, a tolerable degree of uniform support was achieved, along 
the simply supported edges.
The loadings on the models were applied through a system of levers 
figure (5*12). The levers rested on the centroid of the •§-" timber 
backing boards. These timber backing boards transmitted the loads 
as uniformly distributed loads to 1” thick perforated sponge rubbers, 
which were in contact with the models. The deflection of the rubber 
is substantial as compared to the deflection of the slab so that a fair 
degree of uniform distribution of load could be assumed. The other 
method of applying uniform load is air pressure. The difficulty in 
applying ai*' pressure is that it is not easy to keep the pressure steady 
during the exposure time. Moreover it was not possible, due to the, 
special geometric shape of the slabs, to effectively seal the air 
pressure bags. Because of these reasons it was decided to use the sponge 
rubber for applying uniform loading and also to keep the whole experimental 
work as simple as possible*
The timber backing board and the sponge rubber, were cut 
•|-lf shorter on all sides of the model in each case. , For bigger 
size of models, timber piece was cut into two parts, which were 
glued to the one piece of sponge rubber. The Toads were 
applied by two point loads at the centroid of the each timber 
board and uniformly distributed to the model by sponge rubber.
The application of point load is much simpler.
It was always kept in view that the maximum deflection of 
model must not be large. In order to check this, dial gauges 
were placed at a few strategic places on the models and 
deflection measurements recorded. The deflections were limited 
to one-third of the model thickness.
5.6 Testing of the Models
The timber framework.was rigidly bolted to the steel frame­
work of the apparatus in the vertical position. The model was 
loaded in a vertical plane. First a small initial load was 
applied to hold the model in position. The photographic plate was
exposed. After this the final load was applied and the model
was allowed to creep. Then, the same photographic plate was 
exposed again. The screen was rotated through 90° and the model 
was photographed again, as above.
Gevaert ortho-photographic plates gave the best results.
At one time Ilford, G 71? photographic plates were also tried.
I l l
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The fringes were a bit darker and did not have as much contrast 
as with Gevaert plates. Depending upon the model and lighting 
arrangement, an exposure time of 2 mins. to mins. was found 
satisfactory. A record of temperature was kept for each test. 
This is necessary, because of strong lighting, the surrounding 
temperature tends to increase. The behaviour of Perspex is 
affected by temperature variation. An average of 4i mins. time 
for the development of the plates was found satisfactory. The 
experimental detail for each model is given below.
5.6.1 Skew Slabs With All Edges Simply Supported
(l) Model SqLx
Skew Angle 
Thickness (av.) 1208 in.
Plate 1 U.D.L
Final Load 
Temperature (av.)
Creep
Exposure
Initial Load 2 .5 lb. 
(2.5+5) lb,
6 mins•
2.5# mins.
Plate 2
(2) Model S2L x
Skew A n g le
T h ic k n e s s  ( a v . )
15°
same details as above
1 1 7 2  i n
Initial Load 
Final Load 
Temperature (av.)
Creep
Exposure
Plate 2
Model S^Li
Skew Angle 
Thickness (av.) 
Plate 1
Initial L#ad 
Final Load 
Temperature (av.)
Creep
Exposure
Plate 2
Model S4 L1
Skew Angle 
Thickness (av.)
Plate 1
Initial Load 
Final Load
Temperature (av.)
Creep
Exposure
P l a t e  1
* 3 lb.
- (5+5) lb. 
a 80° F
« 6 mins.
a 3 . 5 mins
Same details as above
»  3 0 °
= .1239 in.
U.D.L.
a 2 . 5  lbs.
= (2 .5 +6 ) rt>.
n 80° F 
= 6 mins.
= 2.5 mins.
Same details as above
- 45°
= .1187 in.
U.D.L.
- (1.5+1.5) lb.
- (l.5+3)+(l.5+3) lb.
= 76° F 
» 6 mins *
= 2.75 mins.
U .D .L .
P l a t e  2
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Initial.Load = (1.5 ± 1 .5) lh,
Pinal Load . *• (l;5\+ 4*5) + (l#5 + 4*5) lh' .
Other details as for plate 1 
*2 Slabs Simply Supported on Two Opposite Skew Sides And
Remaining Two Sides Free
Model S5L1
Skew Angle 
Thickness (av.)
Plate 1
Initial Load 
Pinal Load
Temperature (av.)
Creep
Exposure
Plate 2
Initial Load 
Pinal Load 
Other details as for Plate 1 
Model S6Lx
Skew Angle 
Thickness (av.)
Initial Load 
Pinal Load
P l a t e  1
a  0 °
» •1880 in.
U.D.L,
- 3 lb.
- (3+9) lb.
=  7 9 °  F
~ 9 mins,
= 2 . 2 5  mins.
-  3 l b .
« (3+13) lb.
= 15°
*=» .1881 in.
U . D . L .
■» 3 l b .
= (3 +8 ) l b .
Creep *
Exposure *
Plate 2
Initial Load
Pinal Load
Other details as for Plate 1
Model SyL]_
Skew Angle <
Thickness (av.)
Plate 1
Initial Load
Pinal Load >
Temperature (av.)
Creep
Exposure
Plate 2
Initial Load 
Pinal Load 
Other details as for Plate 1 
Model
T e m p e ra tu re  ( a v . )  <
Skew A n g le
T h ic k n e s s  ( a v . )
2 .5 rains.
3 lb. 
(3+13) lb
30°
.1907 in. 
U.D.L.
3 lb, 
(3+9) lb. 
72° F 
9 mins.
2 .5  mins,
3 lb, 
(3+12) lb
45°
.1871 in.
7 0 .5 °  P
9 m in s .
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Initial Load 
Pinal Load 
Temperature (av.)
Creep
Exposure
P l a t e  1 U.D.L.
- (1.5+1.5) lb.
= (l.5+5)+(l.5+5) lb, 
= 74.5° F
» 9 rains.
'« 2,5 mins,
Plate 2 Same details as above 
5.6,3 Slabs Simply Supported on Two Opposite Skew Sides And 
Remaining Two Sides Supported on Elastic Beams
(9) Model S^L*^
Skew Angle 
Thickness of Slab (av,) 
Width of edge beam (av.) 
Total depth of edge^bejm 
Plate 1
Initial Load 
Pinal Load 
Temperature (av.)
Creep
Exposure
«  0 U
« .1191 in. 
« .2686 in,
~ .4914 in. 
U.D.L.
« 5
= (5+7) lb.
=  7 6 °  1
~ 6 mins,
= 2,5 mins.
Plate 2 same details as above
( 10) Model 8^q Lx
Skew Angle 
Thickness of Slab (av.)
- 45°
~ .1246 in*
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Width of edge beam (av.) =
Total depth of edge beam «
(av.)
Plate 1
Initial Load
Pinal Load =
Temperature (av.) «
Creep =
Exposure »
Plate 2 Same details as above
5.7 Reduction of Model Results
The moments Mx and My were obtained from the photographs 
at the grid points where their values were known from finite 
difference solution. In order to do this, the graph o f a n d  x
b *
was plotted along the x - direction. Prom this graph the 
tangents were drawn at the points where the values of 
were needed. In this way, from one graph two and three values 
of the second derivatives could be obtained in x - direction. 
Because'of'skew, this was not possible in the y - direction, A 
separate graph of.^^and y was necessary at every point where
b Y
the value of second derivative was required. This greatly increased 
the work of obtaining the second derivatives.
5.7*1 Skew Slabs With All Edges Simply Supported
The values of moments Mx and My, for the models SqLq
b w
b x 2 -
. 2434 in.
,6033 in.
TT.D.L.
(1.5+1.5) lb. 
(l.5+6)+(l.5+6) lb. 
76° F 
6 mins.
3 mins.
5.7*2 Slabs With Two Opposite Skew Edges Simply Supported
and Remaining Two Edges Free
The values of moments M  and M  , for the models S-L- tox y ’ 5 1
SqL-^, for uniform load, are given in Tables (5*5) to (5 *8 )*
5.7*3 Slabs With Two Opposite Skew Edges Simply Supported 
and Remaining Two Edges Supported On Elastic Beams
S ^ L ^ , f o r  u n i fo r m  l o a d ,  a r e  g i v e n  i n  T a b le s  ( 5 * 1 )  l o  ( 5 * 4 ) *
Si q L, for ■uniform load, are given in Tables (5*9) and (5*10)*
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COMPARISON AND DISCUSSION OF RESULTS
6.1 Introductions- Having obtained the theoretical and 
experimental results, it would be appropriate to compare the 
values to see the scope and limitations of the two methods. Each 
case^with different boundary conditions, is briefly examined and 
the effect of angle of skew on the behaviour of the slabs is 
clearly shown,
6.2 All Edges Simply Supported
The first series of slabs^analysed and tested, had all the
edges simply supported. The basic dimensions of the slabs were
9" x6" and the skew angles 0°, 15°, 30° and 45°• This allowed 
the study of the variation of the maximum moments and deflections 
with the skew angle',
6,2,1 Effect Of Mesh Size
All the four slabs were analysed for uniform normal loading 
and varying mesh sizes. Each slab was analysed for four different 
mesh sizes. The table' (6,1) gives maximum moments and displacements 
at the centre of the slab with different mesh sizes.
(i) Rectangular Slab:- For this case, when the slab is divided
into 2 5 internal nodal points, the maximum deflection is
*  b  r /  _  _
7 ♦ 698x10“3 # The value quoted for this case by Timoshenko! 11
D  ,T> e g  L i
from series solution is 7 *7 2 x1 0  2. To. Tv. The difference is only
D0 .356,When the internal nodal points are increased to 121, the
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7  j3 Ctmaximum deflection obtained is 7-718x10“ J , V° - which is
Dalmost equal to the exact value. The moments given in table
(6.1) have been obtained for a Poisson's ratio ©f 0.35 and, thus, 
cannot be compared with the values given by Timoshenko C 1 ] -  It 
may be pointed out that the values of maximum moments, with 
internal nodal points 2 5 and 121, differ only by 1,7/°,
(ii) 15° Skew Angle s- For this case, when the slab is divided 
into 2 5 internal nodal points,the value of maximum deflection at
i c fthe centre of the slab is 7*504x10"*^— * With the internal 
nodal points of 121, the value of maximum deflection is 5 6 3 x 1 0 * 3  
The difference between the two values is very small. 
The maximum moments, when the slab is divided into 25 and 121 
internal nodal points, differ by .5^.
(iii) • 30° Skew Angles- When the skew angle is increased to 30°, 
the effect of skew angle is more noticeable. The difference in 
the values of maximum deflection of 25 and 121 internal nodal 
points is 2.6^. The difference in the values of maximum moments 
is 1.4$,
(iv) 45° Skew Angles- For this angle, the effect of skew angle 
is more pronounced. The difference in the values of. maximum 
deflection for 25 and 121 internal nodal points is 3*4^* The 
difference in the values of maximum moments is less than .5$.
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, From the above, it is seen, that the values of moments are 
obtained to within one to 2$  to the correct value, even when a 
very ooarse network of nodal points is used. For the range of 
skew angles and ratio of sides considered, 4  9 internal nodal 
points should be ample for the computation of maximum moments. For 
the computation of deflections for large skew angles, internal nodal 
points of 121 or more may be necessary. For this type of boundary 
condition, the values of maximum deflections converge from lower 
values to higher values as number of mesh points are increased,
6,2,2 The effect of Skew .Angle
In figures (6 *l) and (6,2) are shown the variations of maximum 
deflections and moments, at the centre of slab, with the skew angle.
The values, given in the figures, were obtained when the slabs were 
divided into 81 internal nodal points. For the ratio of sides considered, 
the maximum deflection is not much affected when the skew angle is 1 5 °•
It is nearly equal to the rectangular case. For the skew angle of 30°, 
the maximum deflection is reduced to 8 8 $ of the corresponding rectangular 
case and 74$ for the 45° skew angle. The value of maximum moment is 
also unaffected by the skew angle up to 15°* The direction of maximum 
moment at the centre is inclined 2 ,5 ° with the y-axis in clockwise 
direction for 1 5 ° skew angle. When the skew angle is increased to 4 5 °, 
the maximum moment is reduced to about 8 6$  of the corresponding rectangular
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slab. The maximum moment at the centre is inclined to y-axis by 
18° in clockwise direction for 45° skew angle.
6.2,3 Comparison of Deflections
The loads on the, models were applied in such a way that the maximum 
deflections caused did hot exceed one-third of the thickness off the 
models. The deflection values are given in figures (6.14)and (6,15) 
obtained from dial gauge readings for skew angle of 15° and 45°• These 
are representative values. The dial gauges were placed at a few strategic 
points where the deflections were to be recorded. The initial loads 
were applied and dial gauge readings set to zero. Then the final loads 
were applied and the models allowed to creep. The deflections were 
recorded when the models had been allowed the requisite time to creep.
The loads were, then, removed leaving the initail loads. The models 
were again allowed to creep back. If the dial gauges showed some readings^ 
an average correction to the dial gauge readings was applied. The 
deflections given in figures (6 ,1 4 ) and (6 .1 5 ) are quite small as 
compared to the thickness. These values are for net loads on the slabs, 
although the deflections for total loads shohld be kept low. From these 
values it can be concluded that the deflections for total loads would 
not exoeed the prescribed limit.
The deflections,from the finite difference solution, were calculated 
when the slabs were divided into 49 mesh points. For 15° skew angle the
U N I F O R M L Y  L O A D E D  S . S . V ' "  S K E W  \  S L A B  
; C O M P A R I S O N  ' O F  Y D E  F L E C T I O N  5 /
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theoretical defleotions are generally higher than the dial gauge 
values. In the case of 45° skew angle the theoretical deflections 
are smaller than the experimental values. This could be caused by 
not satisfying exactly the boundary conditions or the loading was 
not properly uniformly distributed as assumed in .'the analysis.
6.2.4 Comparison of Moments
The values of M  and M  are calculated at a number of points on x y
the models by the moire'method. At these points the moments were also 
obtained from finite difference solution when the slats were divided 
into 121 mesh points. This gave, in general, 61 equations to solve.
This is a fine mesh for the type of slabs considered. For the moire * 
method good results are obtained if the fringes are sufficient and . 
properly spaced to give the values of the second derivatives accurately.
Closely spaced fringes are also not desirable as the variation in:the 
values of the tangents is too sharp. The ratio of sides chosen in the 
present investigation gives the moment in one direction nearly twice of** the 
other direction. Thus, the fringes in x-direction were much less as 
compared to the fringes in y-direction (Appendix B). The values of 
the tangents could be easily read in y-direction, but in x-direction, 
except in the central region of the models, the values were too small 
to be read accurately. Effort was made to keep these errors low. The 
theoretical analysis gives small moment at the skew supported edges.
E a c h  o f  t h e  s l a b s  i s  b r i e f l y  e x a m in e d .
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(i) Rectangular Slab:- The value of the bending moments were 
calculated along Xq, Yg, and Y^. The experimental
values are plotted along the theoretical curve, figure (6.3)* It 
is seen that the values in the central region compare well, . In 
fact, the maximum value of the moments, My, at the centre, are 
almost the same (,275 and .274)* The values of Mx are also very 
close at this point (.175 and *173) • It is readily observed that 
in the values near the boundaries at points 1 and 3> there is a 
greater difference between the experimental and theoretical' 
values. The reason for this, as stated earlier, is that the 
values of the second derivatives were too small to be read 
accurately. Moreover, the values at these points are greatly 
affected if the boundary conditions are not satisfied exactly.
(ii) 15° Skew Angles- Due to the skew symmetry of the slab, it 
was necessary to consider only half of the slab. The moments 
were sufficient at 1 3  points but points 1 4  and 1 5  were included 
to compare with the symmetrical points 12 and 11, figure (6 .4 ).
The difference in the values of Mx and My at the centre is less 
than 11$. Again, near the edges of the slab, the values do not 
compare well. The reasons are similar to the rectangular case. 
The experimental values obtained at symmetrical points 15, 14 and 
11, 12 are very nearly equal showing that the values are reliable.
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(iii) 30° Skew Angle Because of skew symmetry, the moments at
1 5  points were computed. These are compared to the finite difference 
values in figure (6.5). This comparison shows that the maximum 
values and indeed the other values in the interior region of the 
slab compare quite well, (Less than 6$ at the centre) The 
comparison of values near the boundaries, when the moments are 
small, is not so good,
(iv) 45° Skew Angles- In this case again the moments were
calculated at 15 points, figure (6,6). The experimental values 
of the moments in the interior region of the slab compare very 
well with the theoretical values. At the centre they differ by
less than 6$. The moments near the acute corner differ much more.
This is because it was not possible to obtain the values of 
tangents accurately. Moreover, for such large skew angles, there 
is a tendency for the acute corner to lift up, which modifies the 
assumed boundary conditions taken in the theoretical analysis.
The comparison of the experimental and theoretical values 
of the moments for the case, when the skew slabs are simply 
supported, clearly demonstrates that the moire'"method gives 
satisfactory results in the interior region of the slabs. Only 
the values at points close to the boundaries are unsatisfactory. In 
any case these values near the boundaries are small.
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6,3 Two Opposite Skew Edges Simply Supported Other Two Edges Free 
This type of skew slab is important in the study of bridge 
decks. The ratio of sides of the models were chosen arbitrarily.
The skew angles were again taken as 0°, 15°> 30° and 45°* From 
the finite difference analysis it is found that the directions of 
maximum moments at the edges are not inclined at right angles to 
them. This is in conflict with known stress free conditions. This 
discrepancy is due to the fact that shear and twisting moments are 
allowed to exist at the free edge, only their net effect is zero.
This sometimes gives large values of twisting moments at the free 
edges. This is believed to be in error. These errors occur only 
in the immediate neighbourhood of free edges. The values of the 
moments at a distance of twice the thickness of slab would be 
reliable.
6.3.1 Effect of Mesh Size
All the four slabs were analysed for uniform normal loading and 
varying mesh sizes. Each slab was analysed for three different mesh 
sizes. The table (6,2) gives the values of displacements and 
maximum moments at the centre and the mid-point of the edge, for 
different mesh sizes. It is seen for this case that the values 
obtained with a smaller number of mesh points is higher than the 
values obtained with a larger number of mesh points. In other 
words, the values converge from higher ’■to' lowfer values.
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supported where the values converge from lower to higher values 
with increasing number of mesh points. The direction of maximum 
moments at the centre are inclined to the x-axis in such a way 
that they tend to span nearly across the shortest distance 
between the skew supports. This is not surprising#
(i) Square Slab:- The value of the deflection at the centre of 
slab differs by 1.6$ for 35 and 99 mesh points* These values 
were obtained for Poisson’s ratio of 0,35* The value of maximum 
deflection for this case with Poisson’s ratio of 0,3 is
is seen in the values of deflections at the mid-point of edges for 
two mesh sizes. The deflection is greater at the edge point than
of the moments at the centre as well as at mid-edge point for 
two mesh eiseo*
(ii) 15° Skew Angle:- In this case, the effect of varying mesh 
sizes has very little influence on the values of deflections and 
moments at the centre as well as at the mid-point* on the free edge. 
For the ratio of sides and skew angle the maximum deflection is at
the mid-point of the free edge,
(iii) 30° Skew Angle:- For this case, again, the values of 
deflections and moments, at the centre as well as at the mid-point
of the edge, differ by less than 2$ for 35 and 99 mesh points.
). Similarly very little difference
at the centre* There is hardly any difference between the values
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For this relatively bigger angle of skew and. ratio of sides, the 
value of maximum moment may not be at the mid-point of the free 
edge. In fact, it tends to shift towards the obtuse corner. This 
is clearly seen in figure (6 .9 ) 5 graph along Xj.
(iv) 45° Skew Angles- In this case, the difference in the values 
of the deflections and mometns at the centre and at the mid edge 
point is very small for 35 &ncl 99 mesh points. This is a large 
skew angle. For this case again, the value* of maximum moment on the
edge shifts towards the obtuse corners from the centre. This can be
easily seen in figure (6.10), graph along X^.
6.3#2 Equilibrium Check
For the slabs simply supported oh two sides and other two sides 
free, it is possible to obtain the values of total moments from statics 
alone. Such moments were obtained for the mid-section parallel to the 
supported side of the slab. The values are given in figure (6.11),
The moments from finite difference analyses were computed normal to 
the cut section using the formula,
^  +  My  M:x: "  W y  C o s  2 . 0 +  Mx y  S i n  2 - 0
2 .  2  ^  
where the n - axis makes angle 9 with, the x - axis.
These values of the moments M  were summed up using Simpson’s
Rule. The value of the total distributed moment checks very closely
with the value given by statics. The agreement between the total
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distributed moments and the requirements of statics would seem to - •
verify the analysis, to the extent that, at least, consistent
equations have been used.
For the square slab only was needed for the equilibrium 
check. The value of total moment along the centre line was computed 
from the distributed moire "moment s. This, value is within 3*8$ of the 
moment given by statics.
T.M. from statics T.M. from F.D. T.M, from moire'
6.75 6.74 7*01
For the other oases the value of Mn could not be computed from
moire" moments because M  was not known.
6.3.3 Comparison of Deflections
The dial gauges were placed at a few important points to obtain 
the values of the deflections. The same sequence was followed for 
obtaining the deflections as in the previous case, given in section 
(6,2.3). In. figures (6.16) and (6 .1 7 ) are given the deflections at 
some points by finite difference method and dial gauges. These are 
representative values. The loadings are different from those used for 
the final photographs. The reason is that the deflections were obtained 
first for these representative loads. This gave an idea of the 
deflections of the models. The final loads on the models were chosen to 
give reasonable fringe density.
Another fact to be observed from these values is that the deflections
1 4 8
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When the models were loaded for the range of applied loads it was
seen that the loadings might not have been perfectly uniform. For
obtaining the fringes this non-uniformity was not very critical, but,
for the deflections, this was not accurate enough. This seems to be the
reasCn for the increased values of the deflections given by dial gauges
as compared to the finite difference method.
6.3n4 Comparison of Moments
The values of the moments were calculated at a number of grid points
by the moire'method and finite difference technique. In Appendix B
are given the moire photographs for these cases. From these photographs
it is seen that the number of fringes in y-direction are very few,
although loads were increased to obtain these fringes as compared to
the loads in x-direction. Due to this reason the values of second
derivatives in y-direction are not accurate enough. Their effect on
the moments M  is very little but the moments M  are believed to be 
x  y
in error. The moire'method gives a small value of M  at the free edges,
y
due to the effect of Poisson/s .ratio. This is not true from the stress
free requirements. Each case is briefly examined below.
(i) Square Slabs In figure (6,7) are drawn graphs of M  and Mx y
along various grid lines. The theoretical curve is plotted from the 
values obtained at a number of grid points. The moire'values were
g i v e n  b y  f i n i t e  d i f f e r e n c e  m e th o d  a r e  s m a l l e r  t h a n  t h e  d i a l  g a u g e s ,
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obtained at the grid points marked. Apart from a few isolated 
points the values of M compare well with the’*-theoretical values,
For example, at the centre of slab M  by two methods is 1,075 and
A
1.102, There is considerable discrepancy in the values of as 
shown in graphs along Y^, Yg and Y^, The reason, as explained 
earlier, is that the values of second derivatives could not be determined 
accurately due to insufficient fringes,
(ii) 15° Skew Angle:- In figure (6.8) are drawn the graphs of M  
along various grid lines, The values of M  at the edge points do not 
compare well. The reason could be the approximate satisfaction of the 
complicated boundary conditions.at the edges. Good results are obtained 
at the centre of the slab by the two methods. The values of M  do not
y
compare at all. The moire'method gives small values of at the 
free edges which is not true from stress-free requirements. The 
theoretical analysis gives a small moment M  at the skew supported edges,
(iii) 30° Skew Angles- In figure (6 .9 ) are given the graphs of M
and a table for M  * It is clearly seen that the values of M  in they x
interior region of the slab compare reasonably well by the two methods. 
Some discrepancy is observed at the edges. At the skew supported 
edges the value of M  is not zero due to the boundary conditions. This
X >
value of at the supported edge is very small as shown in the figure 
(6,9)* The values of M  are given only to show that these values are
tJ
so small as compared to M  that they are not important in a practical
X
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case,
M  and. a table for M  . The comparison of M  is reasonable in the x y x
interior region of the slab. At the centre the value of M  by the
A
moire'method is 9$ less than the finite difference value. At the 
edge points 6 and 10, a difference of 14$ is observed. This is for 
a comparatively large angle of skew. The number of fringes in y~ 
direction were enough in this case, but their directions were suoh 
as very few points could be obtained for the slope curve on the 
grid lines in y-direction at any mesh point (Appendix B). As such 
the values of second derivatives in y-direction could not be. obtained 
accurately. The moments in y-direction do not compare at all.
6 . 4  Two Skew Edges Simply Supported Remaining Two Edges Supported 
on Elastic Beams
This type of skew slab commonly occurs in bridge decks. Two 
slabs with skew angle of 0° and 45° were analysed using the finite 
difference technique and tested by moire"’method. The boundary 
conditions could not be simulated in the experimental work as envisaged 
in the theoretical calculations. The beams were rigidly joined to 
the slabs and this greatly affected the behaviour of the slabs.
6.4*1 Effect of Mesh Size
Both slabs were analysed for uniform normal loading and three 
different mesh sizes. The table (6.3) gives the values of maximum
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deflections and moments at the centre of the slabsfor different 
mesh sizes,
(i) Square Slabs- The value of deflections at the centre differ 
very little for 35 and 99 internal nodal points. The value of 
deflection is higher with less nodal points and it converges to 
lower value with increasing number of nodal points. The value of 
the maximum moment differs slightly for 35 and 99 mesh points. These
are given the values of deflections and moments with H = 2 and P . R .  =  
0,3 *
. . . .
^max. Mx max. My max
H e  2 P.R, n 0.3 .00529 PQ a4 
D
.0571 PQa2 . @ 4 1 9  poa2
H « 2.21 P*R. » 0.35 . 0 0 5 2 1  po a4  
D
.0577 Poa2 —  2, 0 4 6 4  PQa
(ii) 45° Skew Angles- In this case also very little difference is 
observed in the values of deflections and maximum moments at the centre 
due to different mesh sizes. The maximum deflection converges slowly 
from lower to higher values with increasing number of nodal points.
The direction of maximum moment is inclined to about 55° with y-axis in 
clockwise direction, indicating that the maximum moment tends to act 
across the span normal to skew supports.
values are computed for H «® 2,21 and P*R. » 0,35* In reference
1 5 9
The deflections measured at the centre of the 45° skew slab 
was about 1 9$  lower than the value calculated from finite difference 
solution* The measured deflection must be lower because of the 
monolithic connection between the slab and beam. This condition 
is not taken into account in the theoretical calculations. For the 
square slab, apart from the monolithic connection between the beam 
and the slab, comparatively larger initial load was required to 
support the model in vertical position so that the final loads 
produced greater deflections. This might have set up membrane 
stresses and the values of deflections reduced to less than the 
theoretical values.
6,4*3 Comparison of Moments
Both experimental and theoretical moments were obtained at a 
number of points* The effect of monolithic connection should be 
obvious from the photographs of fringes in the Appendix B.- The 
fringes indicate the change of sign of second derivatives near the 
beam supports indicating negative moments* This negative moment is 
the restraint offered by the beam to the slab. As these points were 
located at the edge of beam and slab, the second derivatives could 
not be obtained* On the other hand this clearly points to negative 
moments existing at the beam and slab junction and this affects the 
behaviour of the whole slab.
6 * 4 * 2  C o m p a r iso n  o f  D e f l e c t i o n s
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(i) Square Slabs- in figure (6.12) are given the values of moments
by moire" and finite difference methods. The moire" moments M  and Mx y
at the centre are 26$ and 18$ lower to the finite difference moments 
respectively. The same trend is observed at other points.
(ii) 45° Skew Angles- In figure (6,13) are given the values of moments 
by the moire'and the finite difference methods. The moire" moments M  and 
M  at the centre are 3 2$  and 2 7$  lower than the finite difference values,
u
Similarly at the other points.
These two cases need more theoretical investigations taking into 
account the torsional restraint of the edge beams,
6.5 Scources of Error in Experimental Work
In the performance of tests, several possible sources of error 
could be listed.
(i) Plastic behaviour of the material
(ii) Lack of precision in loading
(iii) Variation in slab thickness
(iv) Support conditions different from that assumed
(v) Membrane action in the model
(vi) Relative movement of model, grid or camera between exposures
(vii) Inaccuracies in the reduction of the data.
The procedure adopted here kept the errors to a low level.
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CONCLUSIONS
From the work reported in this thesis, the following conclusions 
can “be drawn*
(1) The finite difference, method gives reliable values of deflections 
and moments in the interior region of the slabs. The values of the 
bending and the twisting moments are not reliable near the boundaries 
and the corners.
(2) In slabs simply supported on all four edges, the cases studied 
show that, as the skew angle is increased the maximum moments and 
deflections at the centre decrease. Also the direction of the 
maximum moment at the centre departs from the y-axis? in one particular 
case this movement away from the y-axis amounts to about one-third
of the skew angle.
For slabs with two opposite edges either free or supported on 
elastic beams, and with the other two skew edges simply supported, 
the maximum moment at the centre tends to act across the span in a 
direction normal to that of the supports. The directions of the 
principal moments near the obtuse comers, where stress concentration 
is known to occur, change rapidly as the c o m e r  is approached.
(3 ) For the same skew angle the values of the deflections and the 
bending moments converge to more accurate values with the increase in 
the nodal points. This convergence is affected by an increase in 
the skew angle and changes in the boundary conditions. It is
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interesting to note that fairly satisfactory* results for the moments 
are obtainable even by employing a noarse mesh. This is not so for 
the deflections, especially when the angle of skew is large.
(4 ) Singular behaviour at obtuse corners of the skew slabs is 
known to occur. This singularity is localised and neither affects 
the region away from the obtuse corners nor restricts the utility of 
the finite difference method to predict the general behaviour of 
the slab.
(5 ) The moire"values are unsatisfactory close to the boundaries.
In the interior regions of the slabs? for all edges simply supported, 
these values are in excellent agreement with the finite difference 
values. For slabs with two opposite edges free the moire*"values 
are satisfactory. When the two skew edges are simply supported and the 
other two edges supported on elastic beams the moire"'values are 
lower than the finite difference values. This is due to the rigid 
connection between the beams and the slab, which has not been 
accounted for in the theory.
The behaviour of slabs in bending, complicated 
by skew, merits further investigation, as very few 
mathematical solutions are known to exist.
The application of the finite difference 
method can be recommended with confidence as very suitable 
for dealing with cases of continuous slabs when subjected 
to various loading and boundary conditions.
The problem of stress concentration near the 
obtuse corners of a skew bridge deck which has one edge 
regidly joined to a supporting beam, is one of considerable 
importance, yet, surprisingly enough it does not appear 
to have been investigated.
The moire/method has been found to be a very 
useful experimental technique for studying the general 
behaviour of skew slabs, irrespective of the particular 
boundary conditions and type of loading.
SCOPE OF FUTURE RESEARCH
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Relationship Between Rectangular and. Skew Coordinates 
Prom figure (3*2) it is seen that
A u  « A x  
A v  A y
Coscj>
APPENDIX A
(Al)
A point P(x,y) in rectangular coordinates is related to P(u, v) 
in skew coordinates by
x - u ~ v Sin y « v Cos £ f  
b x  -  1 7>x = « Sin
& v
(A2)
(A3)
b  y « o
b u b v
Co b ^
Consider a function f(u, v) where u, v are related to x, y by (A2) and 
(A3), then
b f  « bf . b x  + bf  . b y  = ~bf
bu bx bu by bu bx
b f  = b f  . b x  + b f  . bjr = _ b f  Sin 0  + b f  Cos 0
bv bx b v by bv ~bx by
which gives
b f
( M )
' 1 bf  , b f
b y  cos/0' b u b v
The second derivatives are
b 2f 
b  U2 b 2
(A5)
(A 6 )
X
1 7 1
b 2f
t v 2
b 2f  2
— p ♦ &
Ox
.2
2 F  . S in  0  Cos 0  + b 2f  C os2
b ^ b y I y
b 2t
b u ^ v
- b i  Sin fif + fr2f . Cos jeT
>x & x b y
When (A8) and (A6) are substituted into (A7), the value of 6 2f is
yf r  2
obtained as
b y 2 Cos2 0
Sin 2  0 .  + 2 6 2f Sin^T + b 2f
W 6 u  b .v
The Laplaeefe operator in skew coordinates becomes
2
v 2 f b 2f  L b T
bx2 by2 Doe2*
Y t
.bu2 bub V
Sin 0 .  b 2f
bu2
Also equations (A6) and(A8) give,
b x  b y
_ i
Cos p f
b 2f Sin 0  + b 2f
b ^ i > vbu;
b 2f , ¥ f  and fr2f can be 
h  7X 6  U&V 6  ^
The 'C7 - operator and
X *  V V  b y
transformed in the skew coordinates into difference expressions.
For a typical point 0 in figure (3*2)
( A B )
( A 9 )
(A10)
(All)
0 ( A J )
Putting K = Ajr B *• K tan 0A = B2 + K2 = K2 
X x  Cos2
expressions for b 2f , b / f , f e f  and X 2 f are obtained in
^>x2 ^y2 X x  b y
the finite difference form as
(A 1 3 )
APPENDIX B
0Moire Fringe Patterns
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PROGRAMME P2
Read in constants for the Slab 
data tape A
Xy , A x ,<£>, k, A, B,C, D, n, I, J
Calculate Constants 
occurring in the operator
Store the 12 operators 
in sequential order
Clear locations for the 
storage of matrix S
Read in the next row of 
numbers data tape A
Form fjj of the matrix
Store the co«;ff. in fjj
Form fjj of the matrix 
and store the appropriate 
coeff. in it.
All points attached to 
this point finished?
P ( e s
PROGRAMME P3
68
Read in constants for the Slab 
data tape A
PQ / X y, k, B,Y,C,<£ ,n. Eb, lb, r,D,n2
Clear locations for the 
storage of moment values
Read in deflection coeff. 
data tape B
Calculate the constant 
multipliers for the 
moment values
Read in the next row of 
numbers data tape A
Select the type
Yes
■N<
No
FIG- 3-25
cn
oo
Calculate Mmax, Mm;n 
9 , M om ent in beam
Print defl7 Mx,My,MxJ
